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VI. On the Diameters of a Plane Cubic, 
By J. J. Walker, M.A,, F.R.S. 

Beceiyed June 16, — Read June 16, 1887. 
Revised Febrnarj 9, 1888. 

[Plates 6-8.] 

1. The object of this Memoir is to develop relations which subsist between a cubic (u) 
and the complex of lines, in its plane, which are the polars with respect to it of the 
points on any transversal (L), This complex becomes the system of Newtonian 
Diameters of the cubic, when the points on the plane are projected on a second plane 
parallel to that containing the vertex of projection and the line L {Ix -}- my + nz=0). 
This development involves frequent reference to the envelope of the complex in 
question, the conic 
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which, in analogy with the ^^ pole " of a line in the theory of conies, I propose to call 
the ^^ PoLOiD^' of the cubic u and the line L ; and, in particular, when the line L is at 
infinity, the '' Centroid '' of u. 

2. Hesse"^ first appears to have used the equation to s in the theory of the ternarv 
cubic form-but without any recognition of its geometrical significance^to obtai^ 
the equation to the cubic in " line-coordinates :^^ viz., in the form of the resultant of 
the system 

35 ^ 35 35 , 

8» ^ » f^ — 1/ , III/ , fl . 

X cy oz 

with 

Ix + my + nz = 0, 

and this resultant will plainly be, to a factor, the equation to s itself in line- 
coordinates ^, 7], ^5 with l^ m, n substituted for i, t], ^ respectively. 

^ ^ Oeille, Journ. Math.,' vol. 41, p* 285 . » . , tinder date January, 1850* 

28.6.88 
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3. In the first edition of the 'Higher Plane Curves' (1852) Salmon, under the 
subject " Poles and Polars " (of cubics), showed that 

s = 

is the envelope of the polar lines of points on L, touching each tangent to u at the 
points L = 0, ^^ = in the point harmonic conjugate to its contact with u relatively 
to its intersections with the other two, and proposed for the locus of 5 = the 
designation '^ Polar conic of the line '' L, for which I have ventured to suggest, and 
use, the shorter name '' Poloid '' of {u and) L. 

In Caylby's Memoir " On Curves of the Third Order," 'Phil. Trans,,' 1857, the 
additional property is given of the polar lines of points on L all passing through a 
point (viz , the intersection of the two right lines into which s, ''the lineo-polar 
envelope of the line,'' then breaks up) on the Hessian of ii, when L joins corresponding 
points on that curve. Beside these I have not been able to find any notice of the 
conic s, 

4. If through any point P in its plane chords are drawn meeting the cubic in 0^, 
0^^ O3, and a point O is taken on the chord determined by the relation 

3 _ 1 1 1 
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3 



the locus of is a straight line, according to a theorem of Cotes's, communicated by 
his friend. Dr. Robert Smith, Master of Trinity College, Cambridge, to Maclaurin, 
after Cotes's lamented death, and proved by Maclaijrin^ as a case of a more 
general theorem which presented itself to his mind when "meditating on this com- 
munication." For shortness I have called the point the *^ Cotes -point '' on the 
chords through P, the locus of which is now well known to be the polar line of the 
point P relative to the cubic u, 

5. If P describes a line L, the CoTES-points of the polar lines of the points on L — 
regarded as chords of u — relatively to their intersections with L, may be considered. 

The locus of the CoTES-points of this complex of lines is shown in the sequel to be 

a nodal cubic (37) and (40), 

^ = 0, 

which covariant o{ u and the line L, I propose to call their " CotesianJ^ 

6. Considering (§§ 33-37) niore generally the locus of CoTES-points on chords of u 
subject to the condition of touching 5, the result comes out as a concomitant breaking 
up into two factors, one the cubic v just referred to, the other being the equation to 

* ' De Lin. Greom. Prop. Gen. Tlieor. lY./ p. 24, ed. 1748. The Tlieorem is not given in the ' Harmonia 
Mensnrarum/ as sometimes erroneously stated, with the subjects of which treatise it has no connexion. 
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the three tangents to u at the points in which it is met by L, now first obtained in 
a general form. In the Memoir referred to ('Phil. Trans./ 1857, p. 439) Gayley 
obtained, with his pecnHar skill, the equation of the three tangents in question 
for Hesse's canonical form ofu ; viz,, 

ax^ + hy^ -+ cz^ + 6exyz, (2) 

finding for the " satellite line " of L, or line in which the tangents again meet % the 
equation that, further on (| 36) will be shown to verify the general form at which I 
have arrived ; and in terms of which (if it be taken as a fundamental covariant of u 
and L) and of 5 the equation of the nodal cubic v may be expressed. 

7. Whereas through any point in the plane of the cubic u and the line L there can 
be drawn in general (§§ 40-43) two chords having it as their Cotes- point relatively to 
those in which they meet L, viz., those determined by the polar-conic of the first 
point; if, however, that point be taken on 5 the two chords coincide, and thus a 
complex of double chords is obtained, which are the polars with regard to 5 (§ 42) of 
the CoTES-points of the polar fines of the points of L, and are shown (§| 58-60) to 
have as their envelope a tricuspidal quartic (81) 

the equation of which cannot be found explicitly except for specifically assigned forms 

of '^. 

The point in which a double chord meets s being its CoTES-point, that in which it 
touches its envelope is shown to be harmonic conjugate to the former with respect to 
the intersections of the chord with the line L and with the conic s again; and the. 
two intersections of the double chord with 5 are thereby discriminated (§ 59). 

8. Again, considering (§61) the points of a line having its pole on L, the chords of 
which those are CoTES-points constitute two groups : viz., one a pencil through the 
pole of the polar line, the other having as its envelope a conic (§88) touching the line 
L as well as the polar line in question (in virtue of its being the line of the latter 
complex through its own CoTES-point) and the double chord through its point of 
contact with s, which is both a ray of the pencil and a line of the complex. 

This system of conies (§ 62) has as its envelope the sides of the quadrilateral formed 
by the transversal L and the tangents to the cubic at the points in which L meets it. 

9. A question of some interest is considered (§§ 38-39) : what, if any, of the complex 
of polar lines of points on the transversal L are conjugate, in the sense of their inter- 
section being the CoTES-point on either I Discarding the tangents to u at the points 
in which it is met by the transversal L, each of which is conjugate to itself, the only 
distinct conjugate polar lines of points on L are the two tangents to the peloid (s) of L 
from the pole of that line with respect to the peloid, 

10. As the chord of contact with the peloid of the two tangents through its pole 

MDCCCLXXXVIII. — A. X 
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L forms a coincident pair of '^double chords ^^ (of the cubic) ; and these three lines, 
yiz., the two tangents and their chord of conta.ct, form a triad of lines of reference by 
means of which the properties of the complexes of lines here considered may be 
deduced with far greater facility than through the use of the canonical form (2). 

The two tangents to ^ from the pole of L with respect to s are the nodal tangents 
of the Cotesian v (| 50)^ the line L being its inflexional axis ; a circumstance which 
explains the unique character of this triad of lines, and marks them out as the best 
system of lines of reference for the discussion of properties connected with this con- 
comitant of the primitive cubic u (|§ 48-62). 

11. But, whereas these tangents to s, the peloid of L, are only real when L cuts ^ 
in real points (which is shown to occur only when it meets the cubic u in but a single 
real point), three other triads of lines exist, of which one at least is always real, con- 
venient as lines of reference in many of the questions which arise : viz., the sides of 
one of the three triangles whose corners are the pole of L, with respect to s ; one of 
the three points in which L meets %h ; and the pole of the connector of these two 
points. Each of these being self-conjugate triangles in respect of s, the equation of 
that conic is reduced to a trinomial form ; and since the cuspidal tangents of the 
envelope iv (§76) all pass through the pole of L, the equation of that curve is of a 
comparatively simple character for one of these triangles of reference. In Plate 6, 
ABC is one of these triangles (§§ 63-76). 

12. If the line L touches u it touches its peloid s also ; and consequently other lines 
of reference have to be looked for. These are found in the Hne L, the tangent to u 
at the point where L cuts it (itself a tangent to s also, it will be remembered), and the 
chord of contact of these lines with 5. 

In this case the cubic v degenerates into the line L, and a conic having double 
contact with s; while the envelope iv also degenerates into a conic having double 
contact with s and the Cotesian conic at the same points (§§ 77-81). 

13. When L becomes the line at infinity the pencil of chords through any point on 
it is to be replaced by a system parallel to a given line, and the polar line by the 
diameter which is the locus of the mean point on any chord of the system relatively 
to its intersections with the cubic. 

The envelope of these diameters I have called the ''Centroid'' of the cubic, from 
its evident analogy with the centre of conies, apprehending no confusion in such a 
connexion with the sense of a '' mass-centre," which it sometimes bears. 

The consideration of the Centroid and associated curves occupies the concluding 

part of this Memoir. 

14. The method of treatment of the discussions, an abstract of which has just been 
given, is uniformly analytical, trilinear coordinates being employed. The results will be 
found to be arrived at without much difficulty, or tedious calculation, considering the 
great generality of most of them. With a view to simplifying three important discus- 
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sions as mucli as possible, a preliminary investigation of a form into whicli the result 
of substituting for the variables in a ternary quadratic form the expressions 

d6 dd) jd6 deb d6 jd6 

utt- — m-^> 6 TT — ^ ^^? m r{~ — I 'rr> 

cy oz oz OcV ox dy 

(f) being any ternary form, and I, m, n any three constants, is introduced. (§§ 24-27) ; 
and the special cases of its application in the sequel are considered. 
15. The notation employed throughout is as follows :— 

(i.) The right line, considered generally, is written 

(ii.) The particular transversal considered in connexion with a cubic u is always 

written 

L = ?cc 4" '^'^W + ^^ • 

(iii.) The cubic u being, in point coordinates, 

u = ax^ + %^ + c# + Sa^x^y + 3a^xh 4- . . . + (jexyz, 
is written in line coordinates — or its reciprocal is — 

V = ¥c^i^ + c^a^r,^ + aWl^ + : 



(iv.) The peloid of L with respect to the cubic in point coordinates is represented 
by s as in § 1, or (§ 19) 

and in line coordinates™ or its reciprocal — by cr, where 

(v.) Any special point on L regarded as the " pole " of a pencil of chords of the 
cubic u is marked (x'y'z), and any special point on the polar line of x^y^z^ is marked 
x^'y"z' ; a ^^ chord '^ being a line, or transversal, considered particularly in connexion 
with its intersections with the cubic u. 



II, Preliminary. 

16. The intersections of a line ^^^ + '>?^ + C^ = 0, with a curve t^ = of order p, 
may be studied through the equation 

X 2 
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where, ody'z being a given point on the line, and D defined by 



lAv - 1) • . . {f - r + 1) 



9 3 d 1 ^^ 



if, for shortness, a, ^, y represent the sines of the angles of the triangle of reference, 
p is equal to the length of the segment of the line between the point x'yz^ and any 
one of the p points in which it meets the curve u (^London Math. Soc. Proc,,^ vol. 9, 
p, 227) ; provided P + 7;^ + ^^ — 2r]^ cos A — 2^^ cos B — 2^r) cos C ^ 1. 
17. Thus the sum of the reciprocals of those segments is equal to 

—" p Du/u ; 



while, if (xyz) is any other point on the same line, f x + • • • ? ^^^d p^ similarly equal to 
the segment between xy^z^ and it, 



X — x'^p {rjy — ^^), y ^y ^ p (C,a — fy), z -- z' ^ p {^/3 — tjol), . . (5) 

But if xyz is the CoTES-point (§4) on the line in respect to x'yz and the curve u^ 

pIp -^ -^ p Dujii 



whence (5) 



> u 



lb 



(■^ ~- ^') x7 + (y - y')?^' + ^^ - ^0 ^ + pw' = ; 



a. 



dy' 



or, 



diL' dii' du 



a, 



X 



d. 



0. 



z 



(6) 



viz., the locus of xyz is the polar line of xy%\ 

18. If now, instead of considering f, 7;, ^ as variable and {xyz) as fixed, ^, 77, I are 
regarded as constant— say equal to I, m, n— and (x'y'z) as any point on L, or 
Ix -f. qqiy + nz — 0, the envelope of the line (6) will obviously be the same as its 
equ^ation in line coordinates, regarded as a curve of order p — 1 in point coordinates 
xyz\ Thus, if u were a quartic, (3) having been written in the form 



X 






-f" . t 



/a / ^' ^^ 



d' 



+ 3^ ^y ^-v^^ + , , > + 6xy z ^— ^— - == 0, 



its envelope might at once be written down as 



I 



6 






,3^ 



,3^'^ 



m 



6jY9^\V3^V + 



a^r'3 



dx'^ 



9 « 



+ 7^ 



6 



< 



• d B B 



—p . . . 



0; 



viz., the peloid of the line L and the quartic u is another quartic. I have made the 
foregoing remark to draw attention to the perfect generality of the theory of the 
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peloid, and, at the same time, to show that ifc is of equal or higher degree than u for 
values of p exceeding 3. 

19. In the case, then, alone contemplated in this Memoir, of u being a cubic, and 
(6) being, therefore, otherwise written 



,0. a^- 



'2 



U 






"^ "^ d'K^ H~ . . . . + 2iy z ^ _ -^_ + . . . . 



dij dz 



0, 



the envelope takes the form (1) 



36 5~Z^ 



dhb 9^ 



10 



dho ^a 



dif' dz^ 



?y ^^ 



+ ....+ 2mn < 



^ dhc dhb 



dhb dht 



dzdx dxdy dos^ dy dz 



+ .. . 



0. 



as given by Salmon ('Higher Plane Curves,' 3rd edition, p. 15(5), /, m, n here 
replacing a, jB, y. 

If written in the normal form of a conic the coefficients '^n . . . '2^23 • • ^^^ ^^^ contra- 
variant conies of the triad of conies, 






> 



\z 



(7) 



^ 



taken singly and in pairs, viz. , the cubic being written as in the ' Higher Plane 
Curves,' only with the substitution of e for m, 

u = ax^ + hy^ + cz^ + Za^x^y + M^xh-^- ?^\y'^X'\-2>h^yh-^ Sg^z^x+ Sc^z^y + 6exyz, (8) 
and the peloid of u and L being 

s = u^^x^ + u^iy^ + u^^z^ + u^^yz + u^^zx + u^^^y, . . 



. . (9) 



then 



u 



11 



'^22 — 



'^33 — 



U^ — 



U 



31 



U^2 — 



(b^Gi — e^)l^ + (aCjL — a^)m^ + {abi — a^^)^^ + 2(a2a3 — ae)mn 

+ 2(^6 — a^bi)nl + 2(^36 — acfi^lm 

{bc^ — 63^)^^^ + (<^2^2"" ^^)^^^ + (&% "~ &i^)^^ + 2(61^ •— a^^mn 

+ 2(63^63 — 6e)7^Z + 2(636 — hiC^lm 

{cb^ — Cg^)?^ + (cag — Ci^)m^ + {ajj^ — e^)^^ + 2(c-l6 — c^a^rnn 

+ 2(c?26 — b^Ci)nl + 2(ciC2 — ce)?m 

(bo — 63^2)?^ + (^^2 + 02^3 -— 2Gie)m^ + (^<^3 + %^3 "~ ^bie)n^ 

+ 2(6^Ci + e^ ■— %C2— a363)w?^+ 2(6]l^2'"~"^^i)^^^+ 2(&3Ci— cb^lm 

{cbi + ^3^1 ~~ 2c2e)Z^ + (ac — a3Ci)m^ + (^^3 + %^i "^ 2acfi)n^ 

+ 2 (a2C3^ — ac2)m^ + 2(^202+ 6^— ^iCj -- a^b^)nl + 2(02% — ca^lm 

{bci + 61C2 — 2b^e)P + (acg + %Ci — 2a3e)m^ + {ab — a^^n^ 

+ 2(^363^ — a63)mti + 2(63%— ba^nl-^- 2(^363 + ^^ — <^2% "" b^c^m) 



(10) 
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20. The invariants of the equation (3), which for |) = 3, is 

p^I)^M + 3p^J)^u + 3pI)u + u=0, . ..... (11) 

and^ for one of the comcs^ ^^ t^^ . . .^ or d,^u/3 . . .^ 

p^ Dhi'i + 2p Dui -j- tij = 0^ . . . . . . . (12) 

give the fundamental invariants of L and u, iii . . ., in a very succinct form, involving 
x'yz^ regarded as parameters connected by the equation W + w./ + ^^' = 5 thus, if 

then (11) — i, 'Tj, C being replaced in the operator D (4)^ 1 16, by l^ m^ n — 

u-^ Dhi>i — (DihY = ^'^'^11 •••> • (13) 

'tto XJ Uo ""I"* V!/o XJ 11^ ""^ ju XJwo XJ'llo ^^^^ ZX '^23 . ♦ » , . . » . ( x4i:J 

(' London Math. Soc. Proo./ vol. 9, p. 232.) Also (1) 

uI)hi--(Diif=: A'% ........ (15) 

{m D% - Bu Bh^f - 4 {{Dn)^ -^ uB^u} { {Bhif -• Bu D% } = A'^i;, . (16) 

is the standard form of the condition that L shall touch u. 

21. The above forms are very convenient for the comparison of related concomi- 
tants essential to the objects of this Memoir. 

Thus, the condition that L should touch s (9) 

(%2%3 - AJ^) Z^ + • . . -f (%i^i2/2 - n^iu^^) mn +...( = 0), . (17) 
multiplied by A'^ is (if Ix + 'i^w' + ^^^^ ^ ^) ^q^al to 

s D% --« {Bsf. 
Now, since D^^ {A'^^) = 0, whatever integers k^ ¥ may be, 

* It is to be observed tbat if tt is of order p^ then D% is of order j) — r ; and that if = ^x, % being 
of order f , "^ of order r, then 

p»p — 1 T>^<p = q.q — If- D^x + %^' ^X l^'^ + r . r — 1% D^t^ ^ 
and so on : thns 
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or (15) 



But 



and 



or 



4 A'*{s D's - [Dsf] = 4:{u D% - (Dm^)}6 D^u Hhi - {Duf}- 

-[4:I){uD^u-{Duf]J. ..... (18) 

, 4 D{ii B^u - (Duf] = 3 Dm D^u + w D% - 4 Dw Dhi, 

= mD%-D«D%; . . (19) 

12 D^{m Dht - (Duf] = 3 Dm D% - 2 {Dhtf - T>u Dht, 

6 J)^{u D^tt - (Dm)^} = Bu B^u - (D%)2 (20) 



By substitution from (19) (20) in (18) 

4 A'*{s B^s - (Bsf] = 4{t^ D%i - (Duf] {Bu B^u - (Bhif] 

-{uB^u-BuBW, 
whence (16) (17) 

(4^33^33 — %32)/2 + ...=_ (b^cH^ + •••)' 



(21) 



i.e., the condition that L shall touch s, is equal to one-fourth of that for L touching the 
cubic u, with changed sign . (i) 

22. Considering next the discriminant of s ; viz. (9), 



if, for shortness (7), 



Vj^ = Dui, 
w^ = D^t^i, 



Vcy = T)U 



'2 



25 



W^ = D%2J 



^3 = Dt^3, 
^^3 = D^t/3, 



} 



# 



(23) 



Vj = Wc^U^ — t^3t/2, V2 = W^U 



3^1 



^1^35 ^3 == '^^l'^2 "" '^2'^lJ 



Wi = %t?3 — ^'^2? "^2 = U^Vi — t^;L'^35 ^3 = U1V2 — t^o^' 



2^1^ 



. (24) 



then (13, 14), 

A'*(4%2M33 - M332) = 4(^3^3 — O (M3W3 - '(;32) — {u^w^ + %% — 2^3%)^ 

= 4(v3ifJ3 — -ygtyj) (tt3V3 — W3V3) - {w^u^ — w^u^f 

= 4U,Wi-V,^; (25) 

* By means of these expressions the equation of the poloid (s) may be thrown into a form which 
exhibits it explicitly as the envelope of the polar line of points in L : viz., by (9), (13), (14), (23), 

A'h=(ixu\ + yu'ci + zu^) (xw\ + yw\ + zw'^ •- (xv\ + yv c^ + zv'^f. ... (8 bis) 

Of the right lines in this form, (i) xu\ + ... is the polar line of the point x'yz' in L ; (ii) xw^-{- , . .ov 
(77 — f/3) i?! +- . . . is the ISTewtonian diameter of chords of u parallel to L (shown in fig. 1 touching the 
poloid at D'); (iii) xv\ + . . . or xv^^ + ... is the chord of contact with {s) of (i), (ii).— (April, 1888.) 
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— 2(«3% — '^3^) {*^i^a + ^h'"l — 2vi%) 

= 2U1W2 + SU^Wi - ViVg . (26) 

Hence (22), 

8A'«D.'(s) = (W]tyi + th^i - 2yi'yi) (2U1W1 + 2U1W1 -- Y,Y{} 

+ {u,tv, + w,w, ~ 2v,v,) (2Ui Wg + 2U2W1 - ViV,) 

+ (^^1^3 + ^s^^i - 2^1%) (2U1W3 + 2U3W1 - V1V3) 
= 2JJ^Uj^(W^w^ + W3W3 + WgWg) + 2W^i0j^(U^Uy + . . .) 
+ 2Yit>i(V,Vi + . . .) 

where, 

P = (Ui^i + . .)/AS = (V,v^ + . .)/A» = (W^iv^ -\- . .)/AS 

viz.;, P is the condition that L should be cut m involution by 

which condition, multiplied by A^, has been shown (^London Math. Soc. Proc./ vol. 9, 
p. 233) to be 

Thus it is proved (27) that four times the diseriminant of s is equal to the square of 
the Caleyan of u, . . . o , » , (ii) 

23. If the line Ix + ^^ + ^^ =^ joins corresponding points on the Hessian of u its 
coefficients satisfy the Cayleyan 

P= 0; 

hence its peloid s breaks up into two right lines through the intersection of which the 
tangents of s all pass ; and the locus of this intersection, as the line L varies in 
position, is the Hessian itself. This is the property mentioned in the Introduction 
(§ 3) as proved by Cayley, ' Phil. Trans./ 1857, p. 432. 

^4. A theorem, on the result of certain substitutions, which will be of use in 
subsequent investigations, may be conveniently considered before entering upon 

them : — 

If <^ is any ternary form of order p, and i// a quadric — say 

\\s z=L ^x^ + b^/^ + Q.?} + liyz + 'igzx + 2hirj^ (28) 
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and if in ^ for xyz are substituted respectively 



d6 d6 

vy cz 



I 



9(^ 3<^ 



dz 



n 



3: 



m 



d(f> J d(p 



X 



'^x 



I 



dy 



the result may be thrown, if L = fe + my + nz, into the form 



V^ 



P 



^ 3?/2 "•" &2 



oyoz^ 



d^ oz ox'^ ^ ox oy cz ox 



U 



(P - 1)^ 



a 



^dy^ dz 



f _ /^y\ . . . . + 2f f ^^ i?-"^^- _ ^ ^\ 

^ \8f 9^/ / * ' * \dz dx dx dy dx^ dy dzj 



+ . . . 






(P - 1)' 



/9V d^_/d^ Y\j,[ S^4> ^^ _9¥ 9'<^ \ I /9^<?^^S¥ _3'^^ 91^^^^ P± 

^[\9y^92:^ \dydz/ J ' \dydzdzdx dz^ dxdyj \dxdy dydz dy^ dzdxj j dx 



mmAmm 






_ \dy dz dz dx dz^ dx dy/ \ 9# dx^ \dz dx) j \dz dx dx dy dx^ dy dzj J dy 



d^ d^ d^ 9^^ \ 7 , [^ i!i ^ ^i.\ JL /^'^ ^^^ 



^3a? 3^ dy dz dy^ dz dxj \dz dx dx dy dx^ dy dz^ 



d^Y\ 19^" 



dx^ dy^ \dxdy/ J } dz ^ 



-f 



iP - ly 



/3^ 3^ _ /^ 

_ \dy^ dz^ \dy dz^ 



A 



I "T" . . . "T" ^ ( rv rs rs rs "~" '^ o '^ ^ ) 'VYhTh "T" 

\d0dajda:5d|^ ox^ oyczj 



(29) 



The proof of this theorem depends on the identities 



^ ~ ^(i 



i'p 



3 



^ dx^ " dx dy 

d% 



dzdx. 

'd^ B^ ( d^ Y 



te^ \dx^ dy^ 



y 



% 



JU 9 



dxdy^ 



^3^ 3^ _ / d^ Y' 

3# dx^ \dzdx, 
d^cf) d'^<f> \ 



z 



% 



!dz dx dx dy dx^ dy dz) 



^ dy dz \ dxdy ^ dy^ dydz. 



3^^ 3^^ 



d^\ 



dzd: 






dydz 






1^ \i^ / r g^ a^ \3^^' 3^^ 



d% d^^ 
^dxdy dydz 

with similar values for 



d^ Y) I (^ ^ 

^dy dz) ) ^ \dz dx dx dy 

?^^!i.\ ^C^ 3^^ _ d^ d^\ 

dy^ dz dx) ''^ \dy dz dz dx dz^ dx dy) ' 



But (28) 

MDCCCLXXXVIII.^ — A. 



.% 



dz 



d(f> d(j) 

dz dx 



3(^ 3^ 

dx dy 



Y 



3 9 '^ 'A 
X'' vyoz^ 



(30) 



X' 



. . (31) 



'd(j,Y 



dz 
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\ oy oz oz ox ox oy ^ 

= (cm^ + hn^ — %imn) (g^ ) + (a# + c?^ — 2gnZ) (^ ) + (b^^ + am^ — 2hlm) 

+ 2 (— am?? — f/^ + g^'^ + hn?) ^ ^ -j- 2 (— hnl + fim — gm^ + \\mn) -^ ^ 

^ ^ ^ ox oy 

the substitution of the values (30), (31) of {d<^idxf, . . . , 3<j&/32/ dcb/dz, . . . , in which, 
with the addition and subtraction of the terms, wherein L =. Ix -{• my + nz, 

2^^ (P ^ - (H)') ^^^ + ^^^ + ^s^)' 

/3'()^ 3"2<f> 3-^<f> 3^6 \ 

2 ;r-^ ;r-v" — tt-^ tt^ {mu ihlfi + OZ^ + g"^^ + hxi/) + Lf (^^ V + '^^) i' ? 

\3^3^3=;c3// 3i^^ cydzj ^ v ^ » * ^ -^z • \ j ^ j>^ 

gives an expression identically equal to the form (29). 

25. The cases of the application of this theorem which occur are : — (1) When 
(§ 28) <^ is a cubic u, and i|f is the polar line of a poim whose coordinates are 
ndu/dy' — mdii/dz . . . , {x'yz') being also a point on Ix + my + W2; = ; so that 

a = d^(j)/dx^ . , .£= d^(j>jdy 32; ... ; in which case 

p^ 3^6' '\^ 1 / /^^^^ _i \ 1 / ^ r. '^^i I ^ 

and the quadratic functions in I, m, n which multiply <^ and ^ respectively become 

(bc'+b'c-2ffO/^ + . . ., +2(gh'+g'h-af'-a'f)m72 + . . ., and 36/ 

rpesectively, where a' = d^u jdx^ . . . f ' = dhi jdy dz . . . . 

Now, otherwise, the substitutions may be made in the conies (du/dx) ... of the 
other form of the polar line. 



>> 
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and then the mnltipHer of Zu'1% (the present value of p(l>l{p — 1) in (29)) becomes, 

for y^f = 2du/dx, 

fix dz^ dy'^ dx dy^ dz"^ dx dy dz dy' dz'j • • ' * ' 

or, identically, that multiplier becomes 

QA^^' Q«3^' oa^^' 

ox oy oz 

for 

ti; .-= 2 7^- ? li; = 2 7^— 5 \b =^ 2 ^ " 

, dcic oy 0^ 



respectiyely. 

Thus the result of the substitutions becomes 



18 ^ 






whereas, by making the substitutiotis in the first way, the result would be 



Sic' 



{ (be' + b'c - 2ff ') P+ .. .]- 18s'(x^^,+ . . .V 

Identifying thes§ two results, 
(be' + b'c - 2ff ') P+ . , . -^-2 (gh' + g h - af ' - fi'f) mn + . . . 

so that the polar of xYz' with respect to the peloid of L may be written 

^3%' 8^^ , 9!:^' 9!^ _ 9 3%' 3% \ ,3 /__3%;_ _3%_ 3V 3^^^ 



dz^^ dy^ dy^^ ^z^ dy^ dz^ dy d^j ' ' ' \dx^ dy^ dz dx dz^ dx^ dx dy 

dV dht 3%' dht \ A / \ 

dy d^ do?-^ dx -^ dy d^/ ^ ^ 

26. In the second cam which occurs of similar substitutions (§ 30) 

(iii d // 

3^(^ 3^(jS ^^ 

x^ ay oz ^^ ^^ 

the doubles of the coefficients of 5 ; and 

Ix + "^y + ns; == L 

Y 2 
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no longer vanishes. The result (29)^ | 24^ thus becomes 

2s%i( 2Uoo ^^ + 2%o K^ •— 2t%oi^^^- r+2 — 2wi-, ^-^-^ %s^=^+ ^^i-r^s — h^m^--^ mn 



Sho . ^ / ^ . dht 



dto 



w 



4- 4L:S { (4t%3 1^33 - %3^) I + (%3 t^3i - 2ti.33 U^^) M + (^^^ ^3 - 2^23 t^g^ « } g 

— 6t^S {(4%2%3 "~ %3^) ^^ + 2 (%i %2 — 2%|%3) mn} (34) 

It is to be observed that the values of d\fj/dx ... are to be obtained by substituting 
dhi/dx^ . . . for a . . . after differentiation ; thus, generally, in the present case 

T _- 2sbX + 2h.y + 2m 



3^t^ . d^u . 3%^ \ . dio 

)y 



= 2. ( a? V; + Vr^^^ + 2J ;:r^ )j or 4 v" • 
ox^ ^ oxvit ozox ox 



27. Lastly, the case which will occur at § 38 of the substitutions, 



— ^ r^i.~~- ^ ^ Iqy xm ma?7r + ¥-^+^-^' 

ay' oz ^ ox ^ ay oz 



differs from the first case only in the differential coefficients of u being multiplied by 
x\ y\ % instead of x^ y^ %^ so that (29) becomes simply equal to — us' \ i,e,, •— us 
with x'y'z for xy%. 

Ill, General Formitljs and Equations. 

28. The polar line of a point {xy'z) on L, or Ix + my -^ nz=i 0, meets it in a 
second point, the coordinates of which are 



oy oz oz ox ox oy 

and if the coordinates of this latter point are substituted for xy% in the quadric 

forms (Stt/Sa?), {dujdy)^ (du/dz) of 

/3%\ , /du\ /du\ 

Ha^y + nByJ + 'W"'' 

the polar line of this point will be expressed in terms of the coordinates of the 
original point {xyz). 



MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC. 165 

Referring to tlie general form for the result of such substitutions, (29), § 24 in the 
present case it is (32), § 25, 



ds' . ds^ . 9s' \ , / du^ . du^ , du^ 



^A^3^ + 2/a7 + ^a^j-^'(*a? + 2/ap + ^a7> • • • • (35) 

the form of which shows that the polar with respect to the poloid {s) of any point o?2*L 
cuts the polar line with respect to ii of that poiJit in its CoTEB-point, 

29. The relation just proved gives at once the coordinates of that CoTES-point in 
the form 

..^ .... . . . .«. • —— «.« , — (36 1 

3^^ dp^ di/ dz' * dx^ 3/ 3^^ dxf ' dy' dx' dm^ dy^* • • • * v / 

And, plainly, the CoT-ES-point of the polar line of a point on L is the pole (with respect 
to (s) the poloid of L) of that chord of the pencil through the point on L, which passes 
through the contact idth s of the polar line of that point, (Fig. 1.) 

30. From considerations founded on the relation just established the locus of the 
CoTES-point {xyz) of the polar line of a point {xyz) on L may be at once obtained in a 
general form, viz., by the elimination of x'yz among 

326^ . du' . 3t/ 

^3^+^3/ + "3?' 



or 



ax^ ^ oy^ oz^ oyoz ozox , *^ vxoy 



? 



3s' , 3s' , 3s' 



/ 



or 



From the last two 



, OS , / vS . f OS 

X ^ + V T" + ^ 5~ == O5 

ox ^ oy oz 

M + my^ + nz == 0. 



m^ : y' : ^ 

ds 3s ,3s 3s 3s ,3s 

n-^ --^ m-.^- : I ^ — n r. : m 5- ■— 6 5™ 
ay oz oz ox o-t oy 



? 



and tte substitution of these values in the first gives the locus of xyz in the form 
(34) § 26, of six times v, if 
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V 



— 4tt (AP + Bm^ + Cn^ + 2Fmn + 2Gnl + 2H?m) 



2P 
3 



A ;r-^ -I- B ;^^ + C TT^ + 2F r. '^ -}- 2G ^"^ + 2H r. ,^ 

dx^ af dz^ dydz dzdx cxdy_ 



dzda 

3^ 



+ ^N (A? + Urn + Gn) ^^ + (H^ + Bm + Fn) I" + {Gl + F^n + Cn) f" 

o I 0(25 oy C/v 



. 2s 



3'^'z^' 



33 g^3 

+ ( — 2^1 



r ^^22 ^7^ '^33 57^ ) ^ H" 






^ 3?/ dz 
dho 



dydz 



U 



23 9^3 



+ ie 



3%, 



^^ 



31 



dxdy 



+ '^ 



3^ 



%0 



13 



3;^3«. 



mri . . , 



^==0, , (37) 



where, as above (7), u^ , . , , u^^ . . . are the contravariants of 



3 



u 






dx 



%- 39^' 



m 



U 



3-39 



^z 



taken singly and in pairs, these being the coefficients of the peloid, viz., 
and A, B, C, F, G, H are the coefficients of its reciprocal, viz., 



4xx :== ^Ucyc/bloo "*"" Uofi , . . . 



33 



4:J? r=: '^3i'^i2 "~~" ^^ll'^335 * * * 



31. The coefficient of s in the above expression admits of an important transforma- 
tion, viz., it may be written 



dy 



Un\l^^.-'^^^ 



+ • • • + «23 ( ^ a-, - ^ _ )/ ,« ^ _ ^ _) + ... ^ «/ 6, 



and this (71 ), § 55, is identically equal to 



4P {Ix + mi/ + ^^^)5 



6 1 « u » e 



• (38) 



where P is the Pippian, or Cayleyan, of the cubic u. 
Also (55) 



16|(A^ + Hm + Qn) ^ + (ffi + Bm + F^i) |^ + (G/ + Fm + C^)|:'| + 24P^ 






3^ j 
(A'+ 12A) IJ + . . . + 2 (F+ 12F) g^l^ 4- . . . I (k + my + «z), . (39) 
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6 A', . . . 6F', . . . being the second differential coefficients with respect to I, m, n of 
the reciprocal (y) oi u, WcH^ . . . ; while, otherwise, (21) § 21, 

V ^ - 4 (A^^ + Bm^ + Cn^ + 2Fmn + 2Qnl + 2H/m). 

With these substitutions the equation to the locus of the Cotes- points on the polar 
lines of points in L, or Ix + ^2/ + ^^^> takes the form 



1? 

V = VU -— TT 
O 



She . . „ ,^, . . _^x 3 



(^' + 1^^) a^^- + • • • + 2 (^' + ^^^) 87& + • • • I - sPLs = ^' • (^0) 



a cubic, degenerating into a conic when the line L touches the cubic u, which will be 
traced further on (§§ 50-58) by referring it to the line L and the two tangents to s at 
the points L = 0, 5=0. But previously it will be of interest to show the signifi- 
cance of the part 

-L^{(A' + 16A)g+...+2(F' + 16F)|| + ...}/6 . . (41) 



vu 



in the equation to v ; and to add a few remarks on the relations (38) (39). 

32, It is not easy to verify these relations by means of the invariants of (12) § 20, 
because the variables which enter into them are perfectly general — except satisfying 
a^ + /3?/ + y^ = constant. They are verifiable, the former with slight, the latter with 
moderate labour by means of the canonical form of the equation to the cubic ; but 
much more readily by means of the simultaneous forms of u and 5, to which every 
form of u and its concomitant are reducible, referred to in § 10. The verification is 
therefore deferred until the reduction to those forms is explained in the sequel, and 
will be found in the paragraphs cited. 

33. The tangent to u at any one of the three points in which it is met by the 
transversal L, being the polar line of that point, also touches the peloid s, the point 
of contact with s being its CoTES-point — viz., it is that determined on it by the polar 
with respect to s of the point in which it meets L ; or, otherwise, as the point in 
which it is cut by the coincident tangent. 

The general equation to the three tangents, at the points t^ = 0, L = 0, may be 
obtained without the difficulties which would attend the direct investigation — hitherto 
unattempted, at least successfully — through the property of their touching the peloid 
also, as follows : the point of contact of one of the tangents being (xy^z), its equation 

is 

did . du^ . du' 



or, u being a cubic, 



^a^'+^a/ + ^a/"""^^ 
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But in virtue of its touching s also, if (xyz) is any other point on it^ 

yz — zy\ zx — xz\ xy — yx' 

must satisfy the reciprocal (§30) or tangential of 8^ 

AP + ^yf + or +2F77^ + 2G^^ + 2Hf7? := ; 

{Gy^ + Bz^ - iFyz) x'^ + (A^^ + Cx^ - 2Gzx) y'^ + (Bx^ + ky^ - 2Rxy)z'^ 
+ 2 ( — Ayz — ¥x^ + Gxy + Rzx) y'z + 2 ( - Bza; + Yxy — Gy^ + Ryz) z'x' 
+ 2 ( — Gxy + Fzx + Gyz — Ilz^)x'y' = 0. (4b) 

The eliminant of these two quadrics (42, 43) with 

Ix' + ™y' -j- nz' = 
in the known form 

{(be' + b'c - 2ir)P + . . . + 2 (gh' + g'h - af - af) mn + . . . }^ 

- 4 {(be -P)P + . . .+2 (gh - af) mn+. . . } {(b'c' - r^)P + ...}= 0, (44) 

is, if 

Jj = Ix -\- my + nz, 

{v + 4PL6f - IGP^LV. 

34. For 

{hc~P)P + . . . 4-2 (gh - af) mn+ ... = 36s, 

4 {(b'c' - f'^) P + , . .]=i{{BG-¥^)x^+. . . + 2 (GH - AF) yz}{lx + m^/ + nzf 

= 4 (Discrt. of s) TJs 

= P2L^s(27). 
Hence 

4{(bc-f2)Z2+. ..}{(b'c'-f'2)/2+. -.ISESeP^LV. . . (45) 

Observing now that 

. 3% 8% / B^s \^ ^ oh dh 9^5 0% 

oy^ vz^ \dy dzj oz ow ox oy ox oy oz 

it appears at once from (30j 31) § 24 that— substituting s for ^— 
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4 {C/ + Bz^ - Fyz) 






4 ( — Ayz — Fx^ + Gxy + Hzx) = 2%35 — 



9^ 9^ 



• • * 



so that 



dydz' ' ' ' 



4 (be' + b'c — 2ff ') ^^ + • • • 



dht 






^ 



73 4. 

V — j— ^ ^ ^ 






2tt 



9^' 



14 



93 



lb 



Uc 



'^^dydz ^^ dx 



— P t^ 



92' 



-z* 



'9%/95\^ , dhc fds\^ ^ dhb 95 9s, ,^ 



. 9^^ \dyj dy^ \9 



^, 



dydz dydz 



93, 



?.^ 



'l^i 



^■^9;:c9^ ■^^9^9.'^, 



mn + • . . 



Ji 



9% 95 95 d^u /9^\^ , 9^'^^ 95 95 9^1^ 95 95 

9^^ dy dz dy dz \dx) dz dx dx cy dx dy dz dm ^ 



mn 



• • • 



"" ■■ " * ^O } • • • j 



d^u I ds 
_dx^\ dy 



m 



ds\^ 

dz. 



-|~ . , , — 1~ ^^ 



dhb fjds ds\/ ds ' 7 ^^ » i_ 

oyoz\ oz cx/\ OX dy' 



the negative term in which being the result of substituting n dsjdy 
in 

'3 ^ L {^ i) f f '^''^^ _L 



/■yt A) , I , | ...._ , 



dyd: 



is (§ 30) 



6t; ; . 



« t^ • • » 



m dsjdz for x^ . . . 



. . . , (46) 



consequently, (45) (46), sixteen times the eliminant (44) is 



— e^y + is 



u 



11 



3 ^Y. s (l^ 



dz 



9, 



';>; 



'71 ;r- )( m^ 
0X}\ OX 



hy)'^ ' - 



u 



3 



576P2L%^=0. .... (47) 



As was mentioned, (38), §31, the terms multiplied by 4^ within [ J' in (47) are 

equal to 

-6PL, 

so that the eliminant is simply, after division by 36, 



or 
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(i; + 4PL5)^-16P^LV=:0 

v{v '\- 8PL6^) = 0. 
z 
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35. The presence of the factor v in this result is accounted for by the fact that the 
solution has been really that of the more general question : '^ to find the locus of the 
CoTES-points of all chords of %t {relatively to their intersections with L) which 
touch s" ; discarding, therefore/ this factor, the equation of the tangents to u at the 
points 

II = 05 L = Za? + "^W + ^'^^' = 0, 
is 

OT = 'i^ + 8PL5 = , , . (48) 

Reverting now to the form (40) of v^ in which 

of" of '^ 

the equation of the three tangents to ii at the points 

t^ = O5 lx-{- my -H ^'^^ — 
is found in its standard form ; viz.. 



'm'=vu — JJ'% 






^/36, . (49) 



wherein ^, '?;, C are to be replaced in v and its second dijfferential coefficients by I, m, n, 
36. It will be satisfactory to verify the general expression for the satellite chord of 
L by applying it to the canonical form of ii, for which Cayley has obtained the form 
referred to in § 6. 

For 

u = ax^, + hif + cz^ + 6exyz, 

1^ = 5h'^cH'^ — 2{abc + 16e^){GmH + hn^l) — iShceWmn — %{abc + 2e3)emV, 
8 ^ = -Ah^H^ + ZleHcmH + hi^l) + i^hceHmn, 

6 3^^.2-«a'' • 

whence, 

3V (is + ^8 S) S = {a6c(6c^* -- 2cam^Z --- 2ahnH) -^ 8(a&c + 2e^)aemh^]x. . . (50) 
Again, 
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i — == — 8e^{bcl^ + icamH + iahnH) - 32(a&c + 2e^)ePmn — 6{ahc + I6e^)am 



^n^. 



1 



8V 



6g-g- = Ue%bcl^ + camH + ahnH) + 32{ahc + 2e^)ePmn + 8{abc + 8e^)am^n\ 



6" 677^. — ^'^ }■ 



dydz 

whence, 

From (50) (51) there results, as the equation of the satellite chord of L, 

(abc + 86^) S (bcl^ — cam^^ — 2abiiH — Qaem^n^) x ; . . . . (52) 

which, if a = 6 = c = 1, and e, I, m, n be replaced by m^ a, ^, y respectively, agrees 
exactly with the form given in the ^'Memoir on Curves of the Third Order" ('Phil. 
Trans./ 1857, p. 439). 

37. The values of the second differential coefficients of c and v used in the 
preceding verification may be calculated from the formulae (10) given, § 19. Making 
all the coefficients of u having suffixes vanish, t^n . . . t%3 . . . for the present form of u 
are found ; and thence 23^cr/3£^ =: 4%3?^33 — u^^^ . . . obtained. Next v, expressed 
in terms of I, m, n as Une coordinates, is determined as 

- v^ 2 (l^^^^ + . . . + 2m^g-'-^^ +...), 

viz., therefrom it is found that 

V = tbhH^ — 2 {abc + 166^) tamh%^ '-2ieHmnt {bcl^) - 24 {abc + 2e^) ePm^n^ 

Finally, the second differential coefficients of v may be found. And the value of v so 
found affi)rds an independent verification of the relation (i.), §21, 

v = — 4a", 

when in cr and v ^, tj, ^ have been replaced by I, m^ n. 

I may remark, in conclusion, that I first obtained the general form of v by considering 
the question mentioned in § 35, determining in the resulting form (47) which of the 
two factors represented v, which ot, by examination, of the special forms when the line 
L and the tangents to s at the points L = 0, s = 0, were the lines of reference. 
Subsequently, I observed the method of arriving at the general form of v given 
§§ 30, 3 1 , independently ; which completed the general proof in as simple a manner as 
could be expected. 

38. The triad of tangents ct = reappear as a part of the complete solution of a 

z 2 
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question of considerable interest in connexion with the subject of this Memoir : what, if 
any, pairs of polar Unes of points on L are conjugate^ in the sense of having a common 
CoTES-point ? 

The polar line of the point xy'z on L, viz., 

du^ ?}%{! du^ 

meets L in the point 

[x) : {y) : {z) ^ n -^, -» m^ = '' a^ "" "^"^ ' ^^^3^' ^ ^3/ ^ ' * * ^^^' 

and the condition plainly is that the polar line of (x) (y) {z) should pass through the 
original point xy'z\ i.e., that 

, fdt(\ f /du\ f (du\ 

when for {x) (y) (z) in (dii/dx) . . . the vahies just given in terms of o^'t/V (52) are 

substituted. The result is at once obtained by means of the general theorem, § 24 

(and § 27) ; viz., it is simply 

tifs' = 0, 
with 

Ix + my' + ^^' = 0. 

Now, at the three points u^ = 0, Ix + my + nz = 0, \(x) (y) {z)] plainly coincides 
with {xyz!) ; thus each tangent to u at those points is a double conjugate line, which 
accounts for the factor u' in the result above. 

39. The points 

6-' =:: 0, Ix^ + my[ + nz^ = 0, 

determine the unique pair of distinct or proper conjugate polar lines; viz., these are 
the tangents to the poloid at the points in which it is met by the transvei^sal L ; which 
will be real only when L meets s in real points. 

These two conjugate tangents to s and their chord of contact L form, as before 
remarked, an unique triad of lines, to which the cubic u and its system may be con- 
veniently referred, in questions involving 5, v, and certain other concomitants of L and 
u particularly, as will appear in the sequel. Plainly the equations thus referred will 
only be symmetric as regards two coordinates, however. 

40. Through any point {x''y'z'^) in the plane of the cubic u and the transversal L two 
chords of u can, in general, be drawn having it as their CoTES-point, relatively to their 
intersections with L ; viz., the connectors of {x'y'z') with the points {x'yz) (. . .) in 
which its polar conic meets L. 

If {xyz) is any other point on one of these chords, then the coordinates of the 

point in which it meets L, or 

Ix + "i^iy 4" ^^'^ "^ 0, 
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will be proportional to 



or 



n {x''z — z"x) — m {y'x — x'y) . . . 



and the substitution of these coordinates in 



d^w 



// 



// 



X' 



dw''^^ 



g + . . . + 2iyz 



dhc 



di/ dz 



z 



I • « • 







gives the equation of the two chords in question^ in. the form 



8% 



// 



'bhi!' 



{hx' - V'x)^ ^^ + ... + 2{Lf - L"y) {Lz" - L"z) -^~^^^„ + • • • = 0, 

wherein L stands for Ix + my + ^^^? L'' for Ix' + my' + ^^^'' 
' The equation of that one of the pair which cuts L in the point {xyz) being 

(y/ - ./y-) (j^x'' - U'x) + {zx' - xz'') (L/^ - L"3/) + {xY ~- ^V^ (L^'^ - Vz) = 0, 
that of the other will be either 



(2/'^'' - 












/ / // 



y/2 



av ^ 



^'^ •' a*"2 +^v2/^ -^2/ /a^'/a^'/j 



(%" - V'y) 



/ // 



(^'^ 



dhi 



// 



ga^-// 1 



'16' 



^y')a-^+2(2/V'-.yo3^„9^„ 



(Ls" - 



L"2;) 



0, . . (53) 



or one of the two analogous forms obtained by interchanging x", y" or x", %" . 
41. The reciprocal of the equation (52) being, to a factor, 



av \2 



a%" a%" 



, y^ a«"2 \a?/" a«' 



-Yp2 4.... + 2(^^ 



gsy.// 



'U 



'bh'" 



Hb' 



dhu 



// 



a%^' 



3^'^ a^^' a^^^ 3z/'' 3/^3 9^^^/ a^//^ 



mi2 + ... = 05 



a xi'y'z' should be a point on the peloid s^ the two chords having it as their Cotes- 
point will coincide — as would otherwise be inferred from the consideration that any 
point on s might be regarded as the point of intersection of two coincident tan en ts 
— -or become a '^double chord/' and its equation will be either 



9%' 



// 



9%6' 



// 



3^^' 



// 



(La^" - Vx) ^, + (L/ - Vy) ^^^ + (L^" ~ U%) g^^-, = 0, . (54) 



or one of two analogous forms resulting from the interchange of x\y^ ot x . z . 
Otherwise, the equation of the double chord thi'ough {x!'y"z'), a point on s is 



9t6' 



3 \ 9m 



// 



2L :^. - L" [x -^-~, + 2/ 9^" + 2 3^ ) ^^::;; = 0. . . . . . (55) 



dir" 



•X 



dx" 
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42. But consideiing a point {x^y'z) on L, the double chord through it is, plainly, 
that connecting it with the point in which its polar line touches the envelope s^ viz., 
this is the polar with respect to s of the CoTES-point on that polar-line (§ 29). Its 
equation, thus considered, is therefore 

^ (I) + Kl) + K^O = ^' 

with the coordinates of the CoTES-point referred to substituted for xyz in (dsldx) 
(Ss/dy) (ds/dz); those coordinates being (36), § 29, 

The resulting equation to the double chord is, therefore, 

\dx' di/ 3/ 3^7 dx + V3^' 3/ dr/ dxj dy ^ W 9^' ^ y) 9;^ "~ * ^ ^ 

43. This being cubic in xyz\ and of five dimensions in the coefficients of u^ its 
envelope, obtained as the condition that Ix + '^'^^y' + ^^^' = shall touch the ternary 
cubic in xyz'^ will be a curve of order 4 in xyz, of order 6 in Imn^ and of order^ 8 in 
the coeffi-cients of %i. 

This envelope, as well as that of the complex of chords of u, connected with the 
polar line of a point on L by having their CoTES-points on it, but not passing through 
its pole, will be more conveniently considered by means of special forms of s and ^^, 
to which every cubic may be reduced. 

^* This would appear to be 20, but another form of the equation of the double- chord, into which the 
coefficients of u enter only in the second degree, may be obtained from that of s (8 bis) given in the 
Note to § 22. Combining (i) and (iii) of that Note, the coordinates of the point of contact of the 
polar line of (x'y'z) with the poloid (D, fig. 1) are at once given as proportional to 

respectively; hence, the line joining this point with (xy'z') is 

to' (xDu'i + y Uu'^ + z Du'g) — Dti' (xu'j + yit'^ + zu'^) = 0. 

But, if 6a . . . 6/ . . . stand for dhijdx^ . . . d^u/dy dz . , . ; X, /i, v for r^jin — ^n, ocn — ^Z, pi — am, 
respectively, 

Du\ = \a' + /jJi' + i^g'j Du'q = Xh' + /a6' + vf\ IDit'^ = \g' + j^f + i^c', 

while, since Ix' -r my' + nz' = 

rj' /i — y' V = z' (an — 7//) — ^'(/3Z — am) =;— l(ocz' + l^y' + 7^') — — l^' ', ^V — ^'X=: — mA'; y'\ — x'jti^—nA'. 

Substituting in (i) the equation of the double-chord (DE, ^g. 1) becomes divisible by A', and is 






n 



dy' dz\/\ dx^ dxdy dzdxj \ dz' dxW\ dxdy dy-' ^ dydz; 

,1 du' ^du\/ . dht , dhi 3%"\ ^ /K.. 1 . N 

-r [m^-~ — lr^r~z [x ^r-^r- + 'w Tv- 7^ -h ^ TTT = '^^ . (55 bis) 

A ox oy'l\ dzdx ^ dydz dz^ I ^ 

— (Note added April, 1888.) 
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44. The question of the angle (^) between the polar Ime of a pomt {x^y^z) on L and 
the ^^ double " chord of the pencil through that point is of some interest^ as a generali- 
sation of the question of the ^ngle which a Newtonian '' diameter " makes with its 
^^ ordinates." 



The polar line being 



and the double chord (56) 






'ds^ du' ds' di(f\ ds 



0, 



^dz^ 'by' dy' dz' j dx 

what may be called the '^ direction coordinates'^ of the two lines are (the angles of the 
triangle of reference being A^ B, C) 



sin C 



by' 



dw 



du 



diu 



die 



sin B ;r-r^ sin ^ ,^-7 — sin C ;r~,y sin jB ^-7 — sin A 

dz dz' doa' ox 



dy' 



and, using A' as in § 20 ; A ... H as in § 30, 



X 



^\{ABmA + ..,)^'i'(HsinA-{'. . .)^'}- (Gsin^ + - -O^ 



y 



z 



A'fH-VB^ + F — ) 
-A'fG-UF~+C^^'^) 



The angle between two lines whose direction coordinates are X/x^, X'^aV is given, 

generally, by 

tan = t {iiv — II v) sin B sin C/3XXk' sin ^ cos ^, . . . (57) 



and in the particular case now under consideration 



tan = sin A. sin B sin C 



du' 



t^'X(AsinJ. + • • •)j7"*^'^' 



'dit' 



A 2 



,du' dw 



. au Y c^T^^^ ^^ 



j(Asin^ + . . .)^^ + (Hsin^ + . . .) ^ 

. /rN . A . xdu']. , . . ./ . ,^dto' . j^du" 

+ (Gsm.4 + . . ,)^ y^^'sm J.cos^( sm(; ^p — smjy ^ 






. (58) 



45. If x'y'z' is the point of contact with its envelope, the peloid s, of the polar 

line of a point xy'z on L or 

Ix + my + 7^;^; = 0, 

from the forms of the equation of that polar line it is evident that 



Bs" 


as" 


Bs" 


aij' 


a^' 


816' 


8a;" 




• a»" ' 


~ 3.1;' 


82/ 


• 8/ ' 
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whence at once x\ y'\ z'^ are given in terms of xi/z by 

A . . . 2F . . . being the coefficients of the reciprocal of s. 

Conversely, if x\ y\ % are to be expressed in terms of x\ y\ %\ they are the 
coordinates of the point common to the two conies 

05 bu ds dto ds du ds du ds du ds dto 

dz dy dy dz dx dz dz dx dy dx dm dy 
and the line 

Ix 4" ^^2/ + ^^^ == ^- 

46. But the point xy%' is more readily determined by the double line of the pencil 
of chords through that point, having their CoTES-points on the tangent to the peloid 
at x, y, z, which has been shown to be (54) 



d lb u n/ o w 

{1.x" - V'x) g^ + {J.y" - U'y) ^^ + (L^^" - L".) ^j^, = 



At the intersection of this and L 



dho" 


+ y 


dhi" 


dx" dy" 


x' 

■ ''' dx''d. 


* 
• 

/ 


8V' 

dx" dz" 



dht" 



Odd dz 
givini 

y 

^^ dx'' dy'' ^^^ 'dx''dz!' ' dx" dz'' ^^ dx"^ • ^^^ aV^2 dx" dy" ' ' ' \^^) 

or either of two other analogous sets of values. 
47. Thus, when L is taken as 2; = 0, and 

It = aa^ + by^ + O'^^ + Sci^^x + ^o^^^y + 6exyz, 
<^ ^ — e%^ + abxy, 

of the coefficients A . . . 2H of the tangential equations of the peloid s, all vanish 
except 

4C = — a%% 4H = 2ahe^ ; 
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giving for the point of contact of the polar line of {xy^o) 



and conversely 



x' \ if : z^ = hey'^ : aeod"^ : — abxy ; (61) 

X : ^' =z: — 62;" : aoo' = hij" : — ez\ (62) 



IV. Special Forms of Cubic and Poloid. 

48. T now treat some of the questions, hitherto considered without reference to any 
particular form of u, in more detail, by means of special forms in which the line L is 
used as one of the lines of reference- -say 

L~nz=0; (63) 

and for the two other lines of reference I take 1st, the tangents to the poloid s from 
the pole of L, as 

X =^ 0, y =: 0. 

The conic s is now (10) § 19 — 7i^ being dropped — reduced to 

(%^3 "~ ^^)^^ + (^^ •"■ ^^i)^y = 0, 
with the conditions 

ahi — a/ = 0, (i.) 

6% •— &i^ = 0, . (ii.) 

^ag + %^3 "~ 26^6 = 0, ...... c . . (iii.) 

afeg + <^^3&i — 2(^26 = 0- • • • (iv.) 

From the first and second of these, 

a^iah "- %6i) = 0, 
whence 

a^= 0, 

since ah — a^^ = is excluded by the form of 6\ 
Hence, from the second 

h = 0, 

and from the third and fourth 

r/g = 0, 63 = , 

MDCCCLXXXVIII. — A. 2 A 



178 MR J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC, 

since & = or a = is excluded by the form of s^ now reduced to 



s/n^~ — eh^-^ abxy, ....,,».. (64) 



and u is reduced to the terms 

ax^ + by^ + <^^^ + 'Sc^z^x + SooZ^y + Qexyz, ..... (65) 

49. The line z = meets u in the points 

X :y =: b^ : --- a% x :y =^ 56^ : •— ya% x\y ^=- 3-^b^ : ■— ^a^ 
{9-^ S-' being the imaginary cube roots of — 1, so that 

^+^' = 1, M'=l, ^s=-^y, s-'^^,^^^ S-^^9^'^= -1), 

and the tangents to t^at these points are 

a^b^x + a'¥y — 2ez, 
9-a^¥x+ S^'a^b^y + 2ez, y ... . . . . . (66) 

S-'a^¥x + 9-a^¥,y + 2ez ;^ 

the common equation to the three being, by actual multiplication, 

a%x^ + c«&^2/^ "^ 8eV + Gabexyz =0, (67) 

or, restoring lapsed factors, 



Tjy 



^252^6^ _ [Sa^h\n^x + ^a%\n^y + (a^6^cr^^ + 8a6eV)^}t^V =: 0. . (68) 



Further, the same equation may be thrown into the form 

7s ^ aWn^ {ax^ + by^ - 2exyz) + Mben^ ( — 6^nV + abn^xy) nz = 0. . (69) 

50. The tangential equation of s is now simply 

C^^ + 2H^7? = 0, 

where 

4C = - a^bhi\ 

4H = 2a6eV. 
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The general value (37) § 30, of Vy the Cotesian of L, now reduces to 

V = — (ax^ + by^ + cz^ + SciZ^x + ^o^^^V + Gexyz) ( ■— a^hV) 
— nh^ { — d^V^n^ (c^x + c^y + cz) + 2dbehi^ {ez)] 
+ 2nz { — a%hi^ (cz^ + 2c^zx + 2^22/^) } 
+ 2 {ehih^ + ohn^xy) 2 ( — a&ri^) 6^;^^^, 



t'.C/, J 



t' ^ a^&V (a;r^ + ^.V^ "" 2<^xyz), . . . . . . , (70) 



a cubic having a node at the pole of L (now z = 0) with respect to .9, the tangents to 
s being also the nodal tangents of the Cotesian v, 

51. The comparison of the equations (69) (70) of w and v verifies the relation, 
(48) §37, 

7U = V-}- 8PL5, 

since, in the present form (65) of it, the Cayleyan P, for the values of the line 
coordinates Z = 0, m = 0, is simply 

52. Eliminating y and x successively between 

V = ax^ + by^ —- 2exyz = 0, 

s = •— eh^ + abxy = 0, 
there result 

{a^bx^ — eh^y = , 

[ab^y^ — eh^y = 0, 

showing that v has triple contact with s ; viz. , when the loop of v is real it touches s 

at the point 

X \ y : z •=^ (a^b)^'' : (ab^)^^ : e~^ ; 

or at the point determined by the real lines, or any pair of them, 

(a^b)^x = {ab^fy = ez. 

Now, making z =^ in u and v, the points in which L meets these cubics are 

determined by 

ax^ + by^ = 0, 

the real one being 

2 A 2 
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so that the connectors of the "pole of L (with respect to s) ivith this point and the point 
of contact of v luith s are harmonic conjugates relatively to the tangents to s from that 
pole, 

53. The polar line of P {x'yo), a point on L, meets the Cotesian v in three points 
(say, Dq its CoTBS-point) and two other points (say, D^, D^), while it touches the 
peloid 5 in a point D. Now Dq is also the CoTES-point on this polar line relatively to 
the point D and the cubic v : to prove this — 

The coordinates of D are, (59), § 45, 

X : y \ % -=1 hey'^ : aex'^ : — abxy\ (72) 

and 

VV vV uV 

^- : 7^' : ^^- = "iaoc? — "leyz : 3%"^ — ^ezx : — ^exy .... (73) 

becomes, for those values of the coordinates of D, 

9z; 3-?; Si? 

^.^' ' dy ' dz 

= 3hy'^ + 2axY :Sax^ + 2bxY^ : - 2exY^ ; . . . . (74) 
viz., the ^'-polar line of D is 

3 (ax^ + by'^) [yx + xy) — xy {ax'^x + by'^y + 2exy'z) = ; . . (75) 

but 

ax'^x + bf^y + 2ex'y'z = (7G) 

is the t^-polar line of (xy'o), and 

yx + x'y=0, . . . . (77) 

the s-polar of the same point, cuts it in its CoTES-point, Dq (35), § 28. Thus the 
three lines (75) (76) (77) meet in one point (Dq), and this is the 'U-CoTES-point 
relatively to P, and the 'y-CoTES-point to D of (76) ; whence 



or 



3 
DDo 




1 

DD„ 
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1 


+ 


1 
DD, 


T 


2 




1 


■+n 


1 


-J 



J-^J-^1 -^-^3 



as verified very exactly in figs. 2, 3, i.e., the CoTB^-point on the polar line of a point 
in L is harmonic-conjugate to its point of contact ivith the peloid of L and u relatively 
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to the tivo other points in ivhich it meets the Cotesian v ; and is thus discriminated 
from them, when all three are real. If one only is real, that of course is the Cotes- 

point. 

54. The general form given above (49), § 35, for the satellite chord of the line L, 
may be verified from the form it takes for the present one of u (65), the reciprocal of 
which — as far as the terms giving those which do not vanish in its second differential 
coefficients for ^ = 0, 07 = 0, ^ = ?i — is 

V = a^h^C^ + 6a1?\^^e^ + Ga^&c^^T?^ ~ 2iahe^C^^r) ; ... (78) 

viz. , for those values of f , 77, ^, 



6 





2a6^Cl?^^ 




: 2a%c^n'^, 


1 d^V 


: 5aWn\ 




: — Aahe^n"^ ; 



while the reciprocal oi s {= — eV, + ahxy) being now 



Also 





4a--- 


z _ ct^^VC^ + iabeH^^, 






■■ — 4a^6V, 






8 9^- - 


: Sabe^nt 




dx' ^^^' 


9/ 


■■ Qby, 




axov 


9% 
dz dx 


: 6 (ey + Cjz), 


9% 

dz dy 



6 {c^x -t- c^y + cz), 
=z 6 {ex + c<f). 

With these values of the second difterential coefficients, which do not vanish, for the 
present forms (64) (65) the satellite chord of L, or nz = 0, is # multiplied by 

{2ab^c^ + >\^ ax + {2a%c^ + ♦) hy + (5a^6^ — 4:a%^) {c^x + c^y + cz) 

+ 2( — iahe^ + Mhe^) ez + (>i^ + ^<) {ey + c^z) + (>:^ + >i^) (ea? + c^z}, 

or, identically, 

3a^6^0i.^ + 3a^b\y + {a%'^c + 8a&e^) z, 

which agrees with the form in ot (68). 
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55. What has preceded is, substantially, a verification of the relation (39) § 31 ; 
but/ to make it more clear, observing that the only one of the coefficients A . . . 
F ... of the reciprocal of s which does not disappear from the sinister of (39) is C, in 
the term 

9GCn ^ == — 24a^6V {Scz^ + 6c^zx + 6c^yz + Gexy), 

and adding to this 

144P5 = liiaben^ [— eh^h^ + ohn^xy), 
that sinister becomes 

— 727^^ {2a?hH\x + 2d^Wn\y + {aVrn^c + 2abe^n^z]. 

Again, the dexter is (L being now nz) 

— nz {(12a7A;i^^) 6ax + {12a%c^n^^) Qhy + {30a%hi^ - \.8aWn^) 6 {c^x + c^y + cz) 

+ 2 ( - 24a6eV + SGaheH^) 6ez} , 
or, identically, also 

— nz {lUa%^n'^{c^x + c^y) + {72a%hi^c + lUahe^n^e)z}. 
Lastly, 

the only term in the sinister of (38), 

= - Aahen^z = (71) § 51, - 4PL. 

56. It has been shown that v and u meet the transversal L in the same three 

points (§52), 

ax^ + hy^ = 0, 2; = 0, 

of which one only is real when the line L meets its peloid s in real points^ the condi- 
tion of the lines of reference x=^ 0^ y = 0^ at present used, being real. That this 
would be the case appeared from the fact that the discriminants of the cubic (12) and 
quadratic (13) § 20, whose roots are proportional to the intercepts of L between a 
certain point on it and its intersections with u and s respectively, are of opposite 
signs. 

57. The tangents to v at the points in which it is met by L are plainly obtained 
from those to u at the same points, by changing e into —e/S ; viz., they are (66) 

3a^6*a? + Sa^¥y + 2^2: = . . . 
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eliminating % between this equation and v^ the result is 

viz., the points in which v is met by L are points of inflexion on v^ as was manifest 
from the form of its equation. When the node of v is real;, only one of these points of 
inflexion is real ; but if v is acnodal, all three will be points of real inflexion. Thus 
much is known of v generally. In Plates 7, 8, it is figured for two cases when L is 
the line at infinity, as will be further described. 

58. The coordinates of the CoTES-point on the polar line of {x'yO) 

ax'^ X + %'^ y + 2exyz = 
may be found as those of its point of intersection with 

y'z + zy = 0, 
the 5-polar of (xyO) ; viz., they are 

X \ y :z ^=. — 2ex!^y^ : 2ex'y'^^ : ax^ •— hy'^ ; . . . . . ('^^) 
or, what is the same thing (36), p. 165, 

9s' du' ds^ die 

-y* » ^1 ' ly — — " mmmm * * 

^ -2/ '^-9^/3^' ay a,/ 



The double chord (56) §42, through (xyO) is determined as the polar with respect 
to s of that CoTES-point (79) on the polar line of (x^yO). Its equation is, therefore, 

ahx^y^-— yx + ^V) + ^{(^x^ — hy^)z = 0. 

Arranging this as a binary cubic in xy\ 

aezx^ + ahyx^y' — abxxfy^ — - hezy^^ =0, (80) 

the discriminant will be the envelope of the double chord as the point (xyO) varies on 
the transversal L, viz., 

3w = 4:ah {ax^ + deyz) (by^ + Sexz) — {abxy — 9eh^Y = 0, . . . (81) 

or, developed, 

io = a%^x^y^ + ia%exh + iaWeyh + I8abe^xyz^ — 276%^ == 0. 

59. If the first derived of the cubic (80), ie., 

3exh + 2bx\/x— by'^x = 0, , 

; , ^ ....... . (82) 

Sey^^z + 2axy'x—-ax^y = 0, 
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are combined, the coordinates of the point of contact of the double chord with its 
envelope will be obtained in terms of those {xy) of the point on L, through which it 
is drawm, viz., eliminating % between the equations (82), the point of contact is deter- 
mined by the line 

{2ax^ + hy'^)y'x — {ax''^ + 2by^)xy = 0. , . . . . . (83) 

The intersection of the double chord with L lies on the line 

y'x — xy — Q^ , . , . . . . . . . (84) 

and its two intersections with the peloid on the lines 

5/% — aa^'% = 0, ..,...,.. (85) 
ax^x — hy'^y = 0, ......... (86) 

the latter being its CoTis-point, viz., the point of contact with ^ of the polar line of 
{x\ y\ 0)-(61), § 47. 

Now these four lines through a? = 0, y = 0^ form a harmonic pencil, since, writing 
(84) (86) 



( ^ivin^ 



then (85) 
and (83) 



y m — xy ^=p^ 

ax'^x — hy'^^y = q, 

(ax^ — by'^) y = — ctx^^p, + yq 



by'^x — ax'^y = (a%® -- ¥y^) p + (W^ "^ ^^'^) ^Y^^ 



{2ax'^ + by'^) y'x - {2by^ + ax'^) xfy = {{ ~ 2ax''^ -- by^) hy^ + {2by^ + ax^) ax'^}p 

+ [{2ax^ + by'^) x'y — ( 26/^ + ax^^) x'y'] q 
= (aV^ — b^y'^)p + (ax^ ""• %'^) xyq; 

viz., the later pair are harmonic-conjugate with respect to the former pair j>, q. Thus 
it appears that the CoT^B-point on a double chord, and its intersection luith the line L, 
are harmonic-conjugate points with respect to its second (or " empty ^^) intersection tvith 
the peloid s and its contact with its envelope w, as stated, § 7. This is shown in 
Plates 7, 8, in the case in which L is the line at infinity, by D being the mid-point 

01 \J\Jy, 

60. Returning to the equation (81) of the quartic w^ if y and x be alternately 
eliminated from either 
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and 



there result 



ad(? + ?>ey% = 0, or hif + 3e^^ = 0, 

abxy — 9j^7^ = 0, 

a^hx^ + 27e¥ = 0, 
ah\f + 27e%3 ~ o, 



showing that %v is a tricuspidal quartic, two of the cusps being imaginary when the 
line L meets the cubic u in one real point only, the real cusp being at the point 



on the line 



x:y \z=^ Seh^ : Sea/' : — aJ^b' 
a^x — ¥y = 0, 



which is the cuspidal tangent, and {5 harmoriic-conjugate to the connector of the s-pole 
of L and its real intersection with u, relatively to the tangents to s from that pole. 

The curve lu is shown in the figure, Plate 7, in the case when L is at infinity and 
the cubic has a single real asymptote. 

61. Through any point x^'y^'z^^ on the polar line of a point x'y^z in L, two chords of 
u pass which have the first {x'y'z'') as their CoTES-point ; viz., the chord which forms 
one of the pencil through x'yz and the other (53), § 40 the line, 






(yY - zy') {Lx 



U'x) 



-f- ^ 



+ 






3% , , 



// 






^yo (%" - L'v) 



z 



Y) \ (L^'' - 'L''z) = 0, 



x!'y'z!' being subject to the relation 



"" dx'^y dij'^^ dz'^^'' 

and the envelope of this line, or ^^ alien" chord, may be found for any assigned 
form of u. 

In the case when L is 2; = 0, 

u ~ ax^ 4- hy^ + cz^ + Sc^z^x + Sc.^z^y + Qexyz, 
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2 B 



1 dh 



u 



"^ a^'^8^'^ 
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and 

since 

^' = 0. 

The equation of the ^^ alien " chord is then simply 

with (76) 

ax^x' + %^^^" + ^exy'z'' = 0, 

in virtue of which the equation of the ^^ alien ^^ chord reduces to 

axx'{xrf — ^x'') — hyy^\yz' — 2:^^'^) = ; . . . . . (87) 

the envelope of which is 

ah [yx + ^'yY + 8e [ax^x -f %'^^ + '2^ex'yz) ^ = 0, . . . (88) 

a conic touching the line L at the point which is harmonic -conjugate to (x^y'O) with 
respect to the intersections of L with the peloid s ; and touching the polar line of 
(x'y'O) at the point in which it is met by 

yx + ^^y == 0, 
viz.^ the point 

X : y : z= •— 2ex^y' : 2ex^y'^ : ax^ — hy'^, 

i.e.^ at the CoTES-point on that polar line (79), § 48. 

62. The conic envelope just found may be called the ''satellite-conic'' to the polar 
line of x'y^z. Of course, this conic touches also the double chord of the pencil through 
xyO, since it is at once an ^' alien '' and a proper chord of the polar line of {xyO). 

Arranging the equation (88) to the satellite conic as a quadratic in x'y it is 



a 



{by^ + 8ezx) x'^ + 2 {ahxy + 8eV) xy + b {ax^ + 8eyz) y'^ = 0, 



giving at once, for the envelope of the system of conies satellite to the complex of 
polar lines of the points on L, the quartic 

ab {ax^ + 8eyz) {by'^ + 8ezx) — [abxy + 8eV)^ = 0, 

which developed is 

8ez (a%x^ + <^b'^y^ •— 8eV + Gabexyz) =0; (89) 

viz., the envelope of the satellite conies is the system of four lines L and the tangents 
to u at the points L = 0, -2^ = (67), § 49. 

The explanation of this is that at the point of intersection of the polar line (76) 
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with one of the tangents (66), that tangent is itseJf the ** ahen'^ chord for that point : 
for (76) (66) 

give 

X :y :z = -—W^ey :2a'ex : a'0\a'x — o'y), 

and the substitution of these vakies in (87) gives for the '' ahen ^' chord, after dividing 
out the extraneous factors 2abexfy'(a'x^ — bh/), simply 

aMrx + ci^b^y — 2e^ = ; 

viz., the tangent to u at the point x :y : z= b' :a' :0. 

Thus the system of sateUite conies is inscribed in the quadrilateral formed by the 
line L and the three tangents to u at the points in which L meets it. A satellite para- 
bola is shown in Plate 8, when L is the line at infinity. 

63. The tangents to s from the pole of the transversal L being real only when L 
meets the cubic t^ in a single real point, it is desirable to use as lines of reference 
another pair in connexion with L, which shall be real in all cases for purposes in which 
their reahty is essential. 

Consider the connector of the pole (C, fig. 1) of L (z = 0) with a real point (A) in 
which L meets u, taking it, say, as y = ; and let the 5-polar of the point z := 0, 
y= 0, be taken as the third line (BC) of reference, x= 0. The equation of s is then 
reduced to the three terms, remembering that still / = 0, m = 0, 

{abi -— (^/) x^ + {ba^ — b^^) y^ + (<^3^3 -— e^)z^ = 0, . . . . (90) 

since the triangle x = 0, y := 0, z — is self-conjugate with respect to that conic ; 
and as conditions for the terms yz, zx^ xy disappearing from its equation 

ba^ + (^263 = 26^6, 

(^63+ ^361= 2%^, J>- (91) 

ab — • a^bi =0. 

But since the equation of the three tangents to it at the points 

u = 0, z = 

is now of the form 

ku — k'z^ = 0, 

and one of them passes through the point 

7/ = 0, z = 0, 

2 B 2 
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the term or? must disappear from u, or 



which (91) necessitates either 



a = 0, 
a^ or &| = 



but the supposition a^ = would imply a second of the tangents to ii at the points 
u = 0/ ^ = passing through the point y = 0, ;^ = 0, so that 

h = 0, 

and therefore, by the second of the three conditions (91) 



e= 0; 



whence, by the first. 



& : ao = 



3 



Oo I ^3* 



• (92) 



64. Thus the equation to the cubic is reduced to the terms 



by^ + oz^ + Sac^x^y + Sagi^^ + Sh^yh + Sc^z^x + Sc^z^y = 0, . . (93) 



with the relation (92) ; and (90) the peloid to 



s/n^ = — a^^x^ + l^<^^y^ + <^3^3^^ = 0? 



or 



> 



ha^x^ — hhf + h^z = 0, 



(94) 



the reciprocal of which is 



Ap + i^rf + cr, 



where 



A = 


- ha^a^^inf"' — — a^h^n'^, 


B = 


— a^a^^n"^ ba^a^n^, 


C = 


- — ba^n'^, 



or 



xx * JL> ! vv —— CtoOo I df'o I "~~ C6o . 



31/3 . W.3 



^2 



(95) 



65. For the ahove forms (93) (94) of u and s, the values of their first difterential 
coefficients, with the coordinates (xy'O) of a point on L substituted for xyz^ are 



OS 


ds ds 


dii 


du du 



d,i/ ' dy' ' dz^ 



— a^x : by : 0, 

2a^x^y^ : by''^ + a^x^^ : a^x^ + b^y 



^ 



)■ . . . (96) 



a . 
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giving (36) for the CoTES-point on the t^-polar line of that point 

X : y : z =• ha^pc^'^y + ^\y^^ • a^o^^x^ + ^^zV'^^' • """ ^i^^ — ' ^ha^^y'^^x, . (97) 

The values give 

v^hy^ '\- Sa^x^y — ■ a^xh — b^xh = . . . . . . (98) 

in virtue of the relation (92) 

ba^ + a^b^ = ; 

viz., the above is the equation of the Cotesian for the form (93) of ^^ now used. 

66. The Cotesian v for the forms of u and' s at present employed (93, 94) has been 
found quite independently of any application of the general equation (37) given 
above ; but it may be of interest to test the general formula by this result. 

The only terms in the general expression which do not disappear in virtue of 

are four times 

which, taking the values of u, s, A, B, C (93, 94, 95), for the present case, is identi- 
cally equal to four times 

ba^H^ {by^ + cz^ + Sa^^x^y + Sa^^x^'z + Sb^yh + Sc^z^x + Sc^s;^^) 

+ nh^ { •— ba^p^b^n^ (a^y + a^z) + a^a^^r& (by + b^z) + ba^n"^ {c^x + c^y + cz)} 
+ (— a^V + ba^y^ + ^363^^) 7^^ {ba^n^ {a^y + 0^3^) + (— (X^V) (63/ + 63^)} 
= 6a3^7^^ (62/^ + ^ctcfc^y + a^^x^lb + ba^y\ja^. 

Rejecting the factor ba^n^, and applying the relation (92), 

a^^jb = — ag, or ba^ja^ = — 63, 
this result is, as before (98) ; or, with the rejected factors restored, 

V ^ (by^ + ^a^x^y — a^x\ — 632/^;2;) X ^ba<^n^y . . . (98 bis) 

a cubic having a node at the point 

03 = 0, ^ = 0, 
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viz., the 5-pole of L or ^ = ; the nodal tangents being 



or (92) 



a^x^ — hy^ = 0. 



> . 



• • • « 



* « 



. (99) 



The nodoj therefore, will be real or unreal^ as %, & are of the same, or unlike signs. 

67. Since, now (94) 

it appea;rs that the nodal tangents (99) of v are the tangents to s at the points 
5=0, L, or = 0, and wiU therefore only be real when L cuts its poloid in real 
points, as shown before (§ 50). 

The transversal L meets the Cotesian v, as well as the cubic % at the points 

= 0, y = 0, 0=0, hf+Sacf)^ — 0, . . . (100) 

which last two will be real only when v is acnodal, or when L does not meet s in real 
points. 

68. The tangents to 

at the points u = 0, L, or = 0, are (48) 



if, as just above, 

viz., in this case, then^ 



OT = t) 4- 8PL5 
i?/4 = — (A^^ + . . . ) 1^ + 



ot/4 = ha^n^ (hy^ + Sa^^^y — a^xh — b^yh) 

= ba^^n^ (by^ + Za.^x^y + 3%^?% + Zh^yh — 4%-^&3#/a/). 
since, for the above form of % with |^ = 0, 1^ = 0, C = ^j 



» » 



2ba^a^n^. 



» ■ » » ♦■ ■ » », * 



or 



Now, the terms within brackets in cr are equal to 

{by — b^z) {¥y^ + Sba^x^ + 4:bb^yz + ^bi'z^)IW 
i^y ~ &3^) {% 4" v"" — 36%a? + 2632;) (by — v'' — 3&%a^ + 2b^z)/¥, 



(101) 



(102) 



(103) 
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which factors may be identified with the three tangents to u at the points u ™ 0., 
z=-0\ viz., the points 

These will be real points only when ha^ are of unlike sign ; i,e,, when L does not 
meet s in real points, and v is acnodal. 

69. The Cotesian (98) — discarding the factor iba^n^'—- 

hy^ + ^ci<^x^y — a^xh —- h^yh = 

and the primitive cubic ii (93) are plainly intersected by L, or 5; = 0, in the same 
three points, and the tangents to v at these points will be derivable from those to ic 
by changing therein 

3^3 into — a3, 363 into — 63 ; 

viz., their equations are 

Shy + h^z = 0, 

, . y (104) 

±3 V — 3ba^ x+ Sby-- 2b^z = 0. \ 

70. The equation to s (94) being 

shows by its form that the tangent to u at the point 



viz., the hne (103) 



or 



touches s at the point 



(L or) 2; = 0, y = 0, 
by — b^z = 0, 



a^y + a^z = 0, 



x : y : z = : b^ : b. 



71. Again, throwing the equation to s into the form 

3s= - (by + Sbac^x^ + 4:bb^y'z + 463%^) + 46y ~ Abb^yz + b^h\ 
= {^3b {a,x^ + 36/) + 4 (2&y + 63^) (% -- b,z) ] + (2% + hz)\ 

the terms within brackets being (103) the tangents to u at the other two points at 
which L meets it, it appears that these lines touch s on the line 

2by+b^z = 0; (105) 
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i.e., at the points determined by it, and 

a^x^+3by^=0, (106) 

the polars of those two points of the three common to L and ic. 
For these points are determined (93) by {z := 0) and 

3a^x^ + hy^ = 0, 
or 

x:y :z:=zh i:^ \/ — 36% • 0, 

the polars of which, with respect to (94) 

a^x^ + a^y^ — 0^3^32^^ = 0, 

are 

%6^ ± 6 \/ ■— Zha^y = 0, 

or 

a^x^ + 3hy^ =^ 0. 

72. The equation of the double chord (§41) of the pencil through xyz on L being 
generally (56) 

. 85- / ds dtt ds 9u\ 

^ dx. V3? a? "^^ 3? 3? / ' 

is, in the present case, from the values of the differential coefficients given (98), § 65, 

{a^x'^ — by'^) {y'x — xy) + {3h^y''^ — a.^x''^) xz = 0, . . . (107) 

or, arranged as a binary cubic in x'y\ 

— {a^y + a^z) x^ + a^xx'^y + {by + 363:2) xy"^ — bxy'^ = 0. 

The discriminant of this last form gives the envelope of the double chord as the 
point x^y' describes the line L, or :<; = ; viz,, it is 

Sw = ia^x^ {^by — Sb^zf 

— {a^^x^ + S(a^y + ao,z) {by + 363^)} {Sba^x^ + {by + 363^)^} . (108) 
or 

S'u; = — Sba2{a^x^ + ^by^f 

+ 203 {a^x^ + 3by^) {2by — 363^)^ — 3 {2a^y — a^z){2by - 363;^)^ (1 09) 



in virtue of the relation (92) 



ba^ = — ^363. 
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The former value of id shows that the polar of ^ =: 0, 2: = Oj one of the three points 
common to L (2: = 0) and ^^, viz., 

cc = 0, 
is the tangent at a cusp at the point 

x—0, hy -^Zh^z = 0, (110) 

the tangent meeting iv for the fourth time at the point 

x=0, aoy + ^3^; = 0, or by — 1^4 = (m) 

73. Now, since any real intersection of L and tt might be taken as the point y = 0, 
z = Of it follows that when these three intersections are real there will be three real 
cusps to V), the cuspidal tangents being the polars, with respect to the peloid s, of the 
points common to L and i^^. 

This is shown, independently, for the two intersections of L and u other than 
y = 0, 2; = 0, by the second form of tVy which gives simultaneously (109) 



{a,x- + Shy^f = 0, 
{2hy + h,z) {2hy - 8b,zf =z ; 



(112) 



of which the former has been shown to be the (square of the) ,9-polars of the two 
intersections in question (106). 

74. It is plain from the forms of to that the triad of coordinates (110), (112) satisfy 
the first differential coefficients of iv ; in fact these are 

1^ = - AaJ^x {2b {c(,x^ + dbf) - {2hy - S^^}, 

-3^ = 4K {a.^^ {hy - 6b.,z) - y {by + Sb^f}, 

= Aba, \{a.^ + 'Mry^) {by - 6b,z} - y {2by - Sb,zf}, 

UlO 

g^ = 4a, {Sa,bx^ -\- {by + 3^)'^} {2by - 3b.,z), 



Also 



- 4a, {3b {a^ + Sby-) {2by - Zb,z) - {iby + Sb,z) {2by - 3b,zf}. 
^,= W { - 3^ {a.x'^' + bi/) + {2by - 3b,zf}, 



dx dy "^ ^^-^^^ ^^'-J ~ ^*^3^)' 
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giving for the cuspidal tangent 

dha dhfj d^w 

(1 If) 
when in ^7 . . . are introduced the values ^' = 0, % = — 3b^z^ 



dx' 



JO — 



as in (110) ; when the values %%^ = — Sby^, 2hy == Bb^z, 



as in (112) above. The same values substituted in the second differential coefficients 
will be found to make 

75, Considering the intersections of to and 5, the elimination of x^ between their 
equations leads to 

or 

{by — b^z) {2by + b^z^z =0. . . . . . . . (113) 

Referring to the equation of 'W (108), | 72^ it appears at once that 

cic^y + a^ = 0, 
or (92) 

by -- h^z = 0, 

gives 

■ ■■ J5^ = 0, 

viz., the tangent to it at the point y = 0^ z:= 0, (103), § 68, touches w at the point 

00 m y » <v »--- u • C/o » o, 

in which to meets s ; and the same line has been shown (§ 70) to touch s at that point. 
From this it would follow at once that the other two tangents to u, at the points 
L or = 0, t^ = 0, touch both tv and s at the same points ; but this is shown by (113) 
above, since w and s appear at once from it to have double contact at the points in 

which 5 is met by the line 

2by + b^z = 0, 
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which has been proved (§ 71) to be the chord of contact with s of the two tangents 

referred to 

Sba^x^ + (by + ih^zf = 0. 

7Q. Generally then, when the transversal L meets the cubic u in three real points, 
ID the envelope of the double chords of pencils of lines through points in L, is a 
tricuspidal quartic having triple contact with 5, the peloid of L, at the points in which 
it is touched by the three tangents to it at the points L = 0, ^ = ; the cuspidal 
tangents being the 5-polars of those three points ; and the fourth pair of points 
common to w and s lie on the line L. 

In Plate 8 the envelope iv is figured for the case of L being the line at infinity 
and the cubic u a modification of the Cissoid., as more particularly described 
below (§ 91). 

The property of the double chord touching id in a point which is harmonic to its 
second intersection with the peloid s relatively to its CoTES-point and intersection 
with L, has been proved in § 59 by the use of other lines of reference, with the reality 
or imaginariness of which it is, plainly, unconnected. 

77. When L touches ii^ it and the tangent at the point where it again meets the 
cubic being taken as 

z = 0, y = 0, 

and their chord of contact with the peloid s as 

X =:= 0, 

the equation of the poloid (10) is reduced, since Z = 0, m =. 0, to 

(ab^ — a/) x^ + (^^3 + <^2^3 "" 26^6) yz z=z 0, 

the conditions for which are (ib.) 

ba^ — 6i^ = 0, . ... . . . . (i.) 

<^A — e^ = 0, ....... . (ii.) 

ab^ + a^bi — 2a^e = 0, (iii.) 

ab — %&i = (iv.) 

But since y = 0, z = is on u, 

a = ; 

therefore, by (iv.), 

h = o, 

since % = is excluded by the form of s ; 

2 c 2 
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therefore, by (i.). 
and by (iii.) 
finally, by (ii.) 



b = 0, 
e= 0; 
% = 0, 



since 63 = is excluded by the form of s. 

Thus, it appears that the cubic u and peloid s are reduced to 

u = cz^ -^ ^a^x^y + 'ibo^h + Zc^z^x.-^- ^G^^^y, . • . . (114:) 

Sfh zm """• 0^2 X ~y" Gj^O^yZ* » • • • • » • . • . . ♦(11.0) 



The form of u shows that ^ == passes through the point in which %=• Q touches 
it ; or the peloid touches the cubic at the point of contact of the transversal L. 
78. The coefficients of the recipi'ocal of s which do not vanish are 

which values, with Z = 0, m = 0, give (37), § 30 (dividing out n^), 

^^ - z^{-- a^b^^a^y + 4.a^\{b^y + c^z)} . 
+ 2z{2a^^b{a^x^ + Cc^z^ + 2b^y^)} 
+ 4(— a^V + aj)^yz) (-• a^\z) 
= a^%^z{8a^x^ + b^yz) ; 



• * « e 



(116) 



the locus degenerating in this case into the line L and a conic having double con- 
tact with s at the points where the 5-polar of the point of intersection of L and u 
meets it and s, 

79. The double chord through any point xy' on L or ^ = (56), 



in this case, wherein 



IS 



ds /9/9 



10 



dx \3/ dt/ d^/ dz 



9/ dt{, 







z 



ds ds ds 
diG ' dy ' d 

die' . dic^ . di'/ 
dx' dif dz' 



: — ^Oj^x : b^>z : 63^/, 



2ac^x ( # — a^b^x/'^y) + b^z {2a^b^xY^ + 2a^b^x'y^) -r b^y{ — 2a,2^x''' — ♦ 



2^'3 



) = 0, 



or 



a^x'yx — a^x^^y + 2%%== 0, . . ... . (117) 
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the envelope of which as xy describes the line L or == 0, is 

w = a0^ + ^\yz = 0^ ........ (118) 

another conic having double contact with s and v at the same points. 

80. Lastly^ the chord through a point {x^^y'z^) on the polar line of my\ any point 
on L which has the former as its CoTES-point^ but which is not one of the pencil of 
chords through {x'y'z), is (53) — when / = 0, and L is = — 

gi' {y'z" {zx" - xz") + x'z" (zy" - yz") } + 2 ^, y'z" {zf - yz") - 0. 
But here 



9%^^ ' ' ,/ ■ ' d^u 






whence the chord in question is 



- y'y"%x — .{xY + 2^/ V' j z''y + {xy'' + 3^ V) y'z = 0. . . (119) 
81. The polar line of xyO being 

%a^x'yx-'\- a^x'^y + \y'h = 0, 

the envelope of the chord (119) above, as xY'z' describes the polar line just 
mentioned^ determined as the condition that 

2%</e/' + ac^x'Y + %'^^'' = 
snaii isoucn 

x'zy'^ ~- (y'x + ^y)f^'' - '2yyz'x' + Syzx'Y =0. 



is— dividing out the factor y 



/4 



(2%^'£t^ + ^hy'^T + Sa^h^x'^yz = 0, ..... . (120) 

or, as it may be otherwise written^ 

(2%a;'iiJ — hy'zf + 8&3 {2a^x'y'x + a^x'^y + \y%)z = 0, . . (121) 

a conic inscribed in the triangle formed by the lines f = 0, L or = 0, and the polar 
line of the point xy on L. 
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V. Newtonian Diameters. 



82. If L is the line at infinity, then 



: j8 : 7; 



a 



and to the CoTES-point of a chord through a given point on L {xyz) corresponds 
the " mean point'' on a chord parallel to a given line, the '^ direction coordinates'' of 
which are, § 44, 

yr) — ^4 ^l — yt fii — arj; (122) 

the line being^ written 

ix +riy + C^ = 0; 

viz., the quantities (122) may be considered as the coordinates of the point in which 
this line, and all parallel to it, meet the line at infinity. 

To every equation in the preceding part of this Paper involving as parameters 
{xy'z) the coordinates of a point on L, a finite line, now corresponds one in which 
xyz are replaced by 

K : fj. : V = yrj -- fiC ' ^C — yi — : ^i -- (^V- • • • (123) 

Thus, for the polar line oi x!y'z' (7) now appears D% (4), § 17, i,e,^ 

k'^ ^-^ + fx'^ TT-z + v^ ;s V + 2iU,z^ tt-t:^ + 2pk ^-^ + 2AiJL ^ -x- == 0, . (124) 



nj 



which is, plainly, the locus of a point on a chord parallel to ^^r + ,..=: 0, and 
meeting the cubic u in the points O^, Og, O3, such that 



OOi + OO3 + OO3 =: ; 



. • • • . * \ X. £lj k) 1 



viz., O is the ^^ mean point " on the chord relatively to the triad O^, O^^, O3. 

The line (124) is the Newtonian Diameter of the system of chords (Xjliz/) ; and its 

envelope, since (123) . 

ok + ^/^ -{- yv = . . . .... . . (126) 



the '' centroid," ^'.e., the '' peloid " of the line at infinity, is 



2 J 9^7.^ 9^ 

\di/ 9; 



f^% 



to 



2 



9^/9^ 



^ -p . . . "4" 2py * 



d^u dhb 



dhc dho 



dz doc dx dy dw^ dy dz] 



\ 



+ . . . = 0. (127) 



or 



Mjja;^ + . . . + W33?/2 + 



0, 



where u-^^ = is now the condition that d^u should be a parabola . . . 
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^^22=: 0, that the line at infinity should be cut harmonically by the conies d^u^ 

The condition that the cubic ii should touch the line at infinity in the standard 
form {W'G^ + . . . ) a^ + • • • = is equal to four times that for the centroid being 
parabolic and touching the finite asymptote ofu ; and 

83. When the cubic meets the line at infinity in three real points, or the three 
asymptotes are real, the centroid is an ellipse inscribed in the triangle formed by 
these lines, so as to touch them at their middle points (Plate 8). 

But if the cubic u has only one real intersection with the line at infinity, then the 
centroid is a hyperbola, having the single real asymptote as a tangent ; and 

The asymptotes of the hyperbolic centroid are the only real pair of conjugate 
diameters of the cubic u, viz., each cuts every chord parallel to the other in its mean 
point, and in particular divides the tangential chord of the cubic parallel to the other, 
or the parallel nodal chord if the cubic is nodal, in the ratio of 2:1. Thus in Plate 7 
the chords BB^, B^B\, B^^^ pa^^a^Uel to one asymptote of the centroid, are divided in 
such wise by the other asymptote in the points Bq, B'q. 

84. The mean point on any diameter of u regarded as a chord of that cubic is the 
point in which it is met by the diameter of the centroid conjugate in direction to its 
chords, the ''double" one (§ 7) of which is the 6^-polar § 42 of that mean point. 

The locus of the mean points of diameters of the cubic is the nodal cubic v, the 
Cotesian of the line at infinity, having as its nodal tangents the asymptotes of the 
centroid, and being therefore acnodal when the three asymptotes of the cubic are all 
real (Plate 8), the acnode, or conjugate point, being the centre of the elliptic centroid. 

The asymptotes of the cubic v meeting, two and two, on the diameters of s through 
its points of triple contact with v, are parallel to those of the primitive cubic w; and 
the line at infinity is its inflexional axis, these inflexions being at the points in which 
the asymptotes of u meet that line. 

In Plate 8 the Cotesian is represented with three hyperbolic branches, each touching 
the centroid ; in Plate 7, with a real loop touching the centroid, and a single real 
asymptote parallel to that of the cubic u. 

85. The envelope of the ''double ordinates'' of tlie Newtonian Diameters is repre- 
sented in Plate 8 as a quartic {iv) with three real cusps, the three diameters of the 
centroid conjugate to the asymptotes of u being the cuspidal tangents. This quartic w, 
as well as the Cotesian v, has triple contact with the centroid at the points of contact 
of the asymptotes of u. In Plate 7, the cubic ^^ having only one real asymptote, the 
quartic id has only one real cusp ; also it and v have only one real contact with s at 
the point of contact of the real asymptote with s. Within the limits of the diagram 
the only parts of w visible are (i.) that adjoining the contact referred to, terminating 
on one side with the point of contact (C) of the double ordinate CD of the diameter 
DDq-— in this case (of L being at infinity) the point on CD conjugate to D (§ 59) 
being at infinity, D is the centre of the segment QO' — and (ii.) the cusp of u; with the 
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contact C\ of another double ordinate C^D', of the diameter D'D'q, D' being the centre 
of C'C']^. It will be observed that Dq, D'q are the mean points of the diameters DDq, 
D'D'q, Dq being harmonic conjugate to D with respect to D^D^, the other two real 
intersections with v (§ 58). 

86. In Plate (8) is shown an "alien" ordinate EEq of DDq, having its mean point 
Eq on that diameter (§ 61), but being an ordinate of the other tangent to s which 
might be drawn through Eq. The parabola, which is the envelope of these " alien ^' 
ordinates through the different points on DD^, is also shown, touching DDq at the 
point Dq, and having the connector of that point with the centre of the centroid as 
diameter (88), this connector being now the representative of the 

y^x + ocy = 

of the equation just cited, the connector of the CoTES-point on the polar line of 
{x^y'O) with the pole of the transversal L, now become the line at infinity. 

87. The asymptotes of the centroid offer themselves as an unique pair of Cotesian 

axes to which the cubic may be frequently referred with advantage, its equation being 

then 

ti = ax^ + hy^ + 6exy + Sc^x + Sc^y + c = 0, . . , . . (i.) 

and the centroid, with changed sign — which is now immaterial— 

s = abxy — e^ = . . . (ii.) 

For many discussions also it is convenient to define the diameter by the coordinates 
{x'y'') of its point of contact with s. 

The equation of its double ordinate will now be 

ax\x — x') + e(y — /^) = ; (iii.) 

and that of its '^ alien '^ ordinate at the point x^y^ 

axiy^'lx — x^ + eyj{;y — ^|) = (iv.) 

It will be sufficient to indicate the steps by which these may be verified indepen- 
dently of the general formulae given in the earlier part of this Memoir. 
The diameter is the tangent to (ii.) at x'y' or 

y'x + x"y — ^x"y'' =0, . (v.) 

the coordinates of the mean point of which may be found as one-third of the sums of 
those of its intersections with u. The polar of this mean point Is (iii.) ; and that 
of the mean point of the second tangent to s through x^y^ on (v.) is (iv.) 



MR. J. J. WALKER ON THE DIAMETERS OF A PLANE CUBIC. 201 

88. The secondary chords through points lying on a given diameter, and having 
them as their mean points, being inclined at varying angles with that diameter, to 
determine that one which makes a given angle — say 6 — with the diameter 

tan 9 = y"{ax'xY — ey^ sin oij\ay'^x^ + e^xyi — y'\ax!'x^ + ey^ cos ca} , 

m being the angle between the asymptotes of the centroid : viz., it is the chord which 
meets the diameter in the point (^i^i) such that 

x^ :y^=: e {y\cos co — sin co) + x^^ tan 0} : ax^'{x'\cos co + sin co) — y' tan 0}. 

In particular, the point at which the secondary chord is perpendicular to the diameter 
is determined by 

Xj^ : 2/x = e {x^^ + y^^ cos a>) : — ay'\y' + ^'' cos w). 

The angle between a diameter and its primary chords or ordinates is given by 

tan ^ = {ax"^ — ey') sin (oj{x'\ay'' + e) — {ax'^ + ^y') cos co}, 

and those diameters which are perpendicular"^ to their chords are the tangents to the 
centroid at the points determined by 

X {ay + e) = {ax^ + ey) cos <y, 

i.e., the intersections of the conic 

a (x^ cos (0 — xy) -^ e{— x -^ y cos w) = 

with the centroid ; or, multiplying by &> those of the parabolas 

ahx^ cos 0)+ he{— x-i- y cos a>) — e^ = 0, 
ahy^ cos <y + ae{x cos w —- 3/) — e^ =: 0. 

The finite intersections in question are only three in number, their coordinates being 
determined by the cubics 

a^bx^ cos 0) — ahex^ — ae^x + e^ cos w = 0, 
ah^y^ cos co — a&e^^ — &6^y + ^^ cos w = 0. 

89. When the asymptotes of the centroid are imaginary, two convenient Cotesian 
axes of coordinates are found in the diameter parallel to one asymptote of u and its 

^ *' Diameter ail tern ad Ordinatas rectangula si modo aliqua sit, etiam Axis dici potest." Newton, 
' Enumeratio Linearnm Tertii Ordinis,' § 2. 

MDCCCLXXXVIII. A. 2 I) 
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conjugate ; to which lines the other two asymptotes will form a conjugate harmonic 
pair. These axes are the special form which those of the self-conjugate triangle of 
reference employed, §§ 63-76, take ; a.nd all the equations there deduced wall be 
adapted to the above Cotesian axes simply by substituting unity for z. 

90. When the cubic u is parabolic, ^'.e., touches the line at infinity, its ^^centroid" s 
also touches that line, viz., it becomes a parabola, which may then be referred to the 
tangent parallel to the finite asymptote of u, and the diameter through its point of 
cont}act. 

The Cotesian v will then be made up of the line at infinity and a parabola, and the 
chords of u having their mean points on a diameter of which they are not ordinates 
will envelope another parabola, while the double chord will envelope a third. 

In this case all the equations and formulae of §§ 77-81 are applicable by simply 
making ^ = 1. 

It has not been thought necessary to add a figure in illustration of this case, the 
curves being all of familiar character^ 



VI. — Description of Plates. 

91. The two types of cubic which have been drawn to illustrate results arrived at 
in this Memoir have been constructed geometrically with great accuracy as follows :— 

(i.) Those in Plate 6 and Plate 8 from two conjugate diameters of a hyperbola, as 
the well-known Cissoid of Diocles from two rectangular diameters of a circle; viz., 
from a vertex of one diameter a pencil of lines was drawn, each to the extremity of an 
ordinate parallel to the other diameter, and then its intersection with the equidistant 
ordinate on the other side of that diameter determined a point the locus of which 
gave the cubic ii as represented, with one cuspidal branch and two hyperbolic. For 
the figure in Plate 6 the line L was drawn arbitrarily, cutting u in three real points 
A, A', A", and the tangents to u at these points traced, the accuracy of their directions 
being vouched by their tangential points proving to range in a right line KK^K^. 
The peloid s was next inscribed in the triangle formed by the triad of tangents, 
touching them at points A^, A2, A3, harmonic-conjugate severally to A, A', A^^ with 
respect to the corners of the triangle. Another arbitrary line OD having been drawn 
touching the conic in D and meeting the cubic in three real points, its CoTES-point O 
was found by actual calculation from the measured lengths of the segments betw^een L 
and the cubic u. The polar of O, being the double chord of the pencil through the 
point on L of which OD was the polar line, of course determined that point {x'), 
[Otherwise x might have been taken arbitrarily and the CoTES-point on L relatively 
to it have been found by measurement ; and so the polar-line of x with the double 
chord have been arrived at.] The accuracy of the figure so far was tested by 
examining the agreement of the CoTES-points of L itself and another chord with 
their intersections by the polar line at O', 0'^ For the figure in Plate 8, corre- 
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spondingly, the '' centroid '' was inscribed in the triangle formed by the asymptotes of 
u so as to bisect the sides. The Cotesian v and the quartic w were laid down from 
their equations without much difficulty, their triple contacts with s, and the parallelism 
of the asymptotes of v to those of u, combined with the simply defined positions of the 
cusps, and directions of the cuspidal tangents of id, enabhng them to be traced with 
great accuracy. The parabolic envelope shown in connexion with the diameter DDq, 
touching that line at its mean point and having an axis parallel to the connector of 
that point with the centre of the centroid, as well as touching the asymptotes, was 
readily constructed geometrically from these data, and its accuracy tested by a 
tangent drawn arbitrarily, meeting it in three real points E, Ej^, E^ and cutting DDq 
in Eq, proving to have the last as its mean point, as determined by actual measure- 
ment of segments, with great exactness. 

(ii.) For the second illustration, Plate 7, the figure of a cubic n having only a single 
real asymptote was obtained by constructing a Cissoid from two conjugate diameters of 
an ellipse, precisely as that of Diocles from the circle, of which in fact this, as well as the 
figure previously described, may be regarded as projections. The hyperbolic centroid 
was then constructed from its equation referred to the two conjugate diameters of the 
generating ellipse, which are also conjugate diameters of the centroid, and to one of 
which the real asymptote of u is parallel. The Cotesian v with its real loop and 
single real asymptote, parallel to that of u^ having also the asymptotes of the centroid 
as nodal tangents (§ 50), was constructed from its equation, the loop touching the 
centroid at the contact with it of the real asymptote of u. It will be remarked in 
this as in the case preceding where they are all three real, how soon the cubic v 
approaches its asymptote, and its curvature becomes inappreciable. As regards the 
little of w visible within the limits of the figure some remarks have already been 
made, § 60. Two diameters, besides the conjugate pair which the asymptotes of s 
form, § 83, have been introduced, BDq touching one branch ofs and having three real 
intersections with v ; D'I3'q touching the other branch of s and meeting v in only one, 
its mean point, D'q, The '^ double '' chords of these diameters, polars of their mean 
points, touching their envelope iv at the points G^, C'^, equidistant from D, D^ 
respectively as 0, C, are typical of their kind. It will be remembered that they are 
^^ double ^^ chords of u, with which, however, in this figure, they have only one real 
intersection. The mean point of the chord AA'A'', drav/n parallel to the double 
chord CD, as determined by actual measurement of segments, coincides with Aq, its 
intersection with the diameter DDq, to a nicety. Some remarks have already been 
made, § 83, on the chords BB^, B'B'^B'g parallel to one asymptote of 5 and cut by the 
other in their mean points Bq, Bq' with great exactness. It has not been thought 
desirable to introduce the parabolic envelope connected with either of the diameters 
drawn, into this figure. 



2 D 2 



J. J. WalJcer. 



mil. TraMs.m88.A.PlaM 6 




"Westj Hetvman fe Co. Jjtk. 



J. J. Walker. 



Fhil. Trans. l?>^^.A.Plate 7. 




West, Nevn-na^i h Co. litli. 



J. J Walk^: 



Phil. TramyS.lA^^.KJPLaM 8. 




Weat/JSTewmaaa & Co. l>ti>. 



